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Abstract 

We give a sufficient condition for tlie abstract basin of attraction of a sequence of holo- 
morphic self-maps of balls in to be biholomorphic to C*. As a consequence, we get 
a sufficient condition for the stable manifold of a point in a compact hyperbolic invariant 
subset of a complex manifold to be biholomorphic to a complex Euclidean space. Our re- 
sult immediately implies previous theorems obtained by Jonsson-Varolin and by Peters; in 
particular, we prove (without using Oseledec's theory) that the stable manifold of any point 
where the negative Lyapunov exponents are well-defined is biholomorphic to a complex Eu- 
clidean space. Our approach is based on the solution of a linear control problem in spaces of 
subexponential sequences, and on careful estimates of the norm of the conjugacy operator 
by a lower triangular matrix on the space of fc-homogeneous polynomial endomorphisms 
of C*. 

Mathematics Subject Classification 2010. Primary: 37F99. Secondary; 32H50, 37D25, 
37H99. 

Introduction 

Let / : M — >■ Af be a holomorphic automorphism of a complex manifold and let A C M be a 
compact hyperbolic invariant subset of M, with stable distribution of complex dimension d. The 
stable manifold of each point x G A, that is the set 



\x) = {z e M I Jim dist (/" (z), r{x)) = o} , 



is the image of a holomorphic injective immersion W ^ M of a complex manifold W . Such an 
immersion endowes W^{x) with the structure of a complex manifold. As a model W one can 
choose, for instance, the space of sequences 



W = 



|(z„) C M I z„+i = /(z„) and lim dist (2;„, /"(x)) = o| 



which is a d-dimensional complex submanifold of the complex Banach manifold consisting of all 
sequences (z„) C M such that dist (z„, /"(a;)) is infinitesimal. In this case, the immersion maps 
each sequence (z„) G W into its first element zq. 

The stable manifold {x) is smoothly diffeomorphic to and it is natural to ask whether 
it is also biholomorphic to (such a question was raised for instance by E. Bedford in [BedOOj ). 

The answer turns out to be affirmative when the invariant set A is a hyperbolic fixed point, 
as proven by J. -P. Rosay and W. Rudin in jRR88 . More generally, M. Jonsson and D. Varolin 
proved that the answer is affirmative for almost every point in A, with respect to any invariant 
probability measure supported on A (see |JV02| ). In the general case, J. E. Forna;ss and B. 
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Stens0nes have proven that is always biholomorphic to a domain in (see |FS04) . 

Remark IA.4I in the appendix below also explains why this fact holds) , but the question whether 
it is actually biholomorphic to remains open. 

By the local stable manifold theorem, a neighborhood of each point /"(x) in W {f" (x)) = 
f'^{W''{x)) is biholomorphic to the unit ball B about in C'', and by reading the maps flw^if^ix)) 
by means of these parameterizations (suitably chosen) , one obtains a sequence of holomorphic 
maps 

which fix and are such that for every n G N, 

^^1^1 < |/n(^)| < A|z| , VzeB, (1) 

for some < < A < 1. For any sequence of holomorphic maps / ~ (/„ : B — s> B)neN with the 
above properties, one can define the abstract basin of attraction o/O as the set Wf of all sequences 
{zn)n>m such that Zn+i — fn{zn) for cvcry n > m, under the identification of sequences which 
eventually coincide. Such an object carries a natural complex structure. This construction is due 
to J. E. Fornaess and B. Stens0nes |FS04| : see Section [5] below for a more categorical approach. 
When the maps /„ are induced by a diffeomorphism / as above, the manifold Wf is naturally 
biholomorphic to the stable manifold of x. It has been conjectured that under the assumptions 
([T]), the abstract basin of attraction of with respect to (/„) is biholomorphic to (see |Pet05) . 
|P W05) ■ |Pet07p . A positive answer to this conjecture would imply that the stable manifold of 
any orbit on a compact hyperbolic invariant set is biholomorphic to C*. 

Notice that by the application of a suitable non- autonomous linear unitary conjugacy, that is 
by the replacement of (/„) by (Un+i ° fn ° U~^) for a sequence (Un) of unitary automorphisms 
of C^, one may always assume that the linear parts of /„, 

i„ :=i?/„(0) , 

are lower triangular matrices. More precisely, the choice of Uq in the unitary group determines 
the subsequent matrices Un, n > 1, up to a conjugacy with a unitary diagonal matrix, and 
uniquely determines the absolute values of the diagonal entries of L„. The aim of this paper is 
to prove that, under a suitable assumption on the diagonal entries of L„, the above conjecture 
holds true: 

Theorem 1. Let f„: B ^ B he a sequence of holomorphic maps which satisfies {Ip. Denote by 
An(j) the j-th diagonal entry of the lower triangular matrix Ln = Df„{0), for 1 < j < d, and 
assume that for every > 1 there exists a number C{9) such that 

max n \\k{h)\ max TT < c(0)r A^ (2) 

k—n k—n 

for every n, £ G N, for some A < 1. Then the abstract basin of attraction ofO with respect to (fn) 
is biholomorphic to C^. 

Condition ([2]) is a sort of asymptotic weak monotonicity requirement on the diagonal entries 
of Ln, and (as it will be made clear by the basic estimate of Lemma [2.21) it is very natural in 
this context. In particular, the above theorem significantly sharpens a result of H. Peters (see 
|Pet07[ Theorem 9]), where a much stronger pointwise condition is considered: he required that 
there exists < ^ < 1 such that 

max \Xnih)\ max < ^ 

l<h<d l<i<j<d \Xn{i)\ 
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for all n. Furthermore, condition ^ is automatically fulfilled when the constants which appear 
in ^ satisfy v~^\^ < 1 (up to the choice of a larger A < 1, see Remark 13.31 below), which 
is another condition often appearing in the literature. See also |For04] . |Wol05] . |PW05) and 
jPVWOS) for related results. 

Theorem 1 implies that the stable manifold W^*(x) of a point in the compact hyperbolic 
invariant set A is biholomorphic to when the negative Lyapunov exponents of / at a; are 
well-defined. Indeed, we shall prove the following: 

Theorem 2. Let f:M^M be a holomorphic automorphism of a complex manifold and let 
A be a compact hyperbolic invariant set with d- dimensional stable bundle E"^ . Let x £ A and 
assume that the stable space (x) at x has a splitting 

r 

E^x)^^E, 

1=1 

such that 

lim \Df'^{x)u\^^'^ = Xi uniformly for u in the unit sphere of Ei , 

n— )-oo 

where the numbers < Ai < 1 are pairwise distinct. Then the stable manifold of x is biholomor- 
phic to C^. 

By Oseledec's theorem, the hypotheses in this statement hold for almost every point x, with 
respect to any invariant probability measure on A, and so this theorem is a somewhat more 
precise statement than the previously mentioned result of M. Jonsson and D. Varolin; thus using 
our approach it is possible to recover in a unified way all the main results on this subject already 
present in the literature. 

Our proof of the above theorems is based on two steps, that we keep separate. The first and 
main step is a formal non- autonomous conjugacy result, which states that under the assump- 
tion (m there exists a sequence of formal series and a sequence of special triangular 
automorphisms of (see Section [5] for the definition) such that 

h„+i o /„ = g„ o hn , Vji e N . 

Here the important fact is that both (<;„) and (ft.„) can be chosen to have subexponential growth 
(roughly speaking, subexponential estimates here replace the slowly varying functions of |JV02| ): 
see Section [3] for a precise statement. The main point in the proof of this first step is a careful 
estimate, proven in Section[51 on the norm of the conjugacy operator by a lower triangular matrix 
on the space of fc- homogeneous polynomial endomorphisms of C^. It is this extimate that leads 
to condition we also exhibit a counterexample which shows that the first step fails when 
condition ^ is not fulfilled. 

The second step is the non-autonomous version of the well-known fact that two germs of 
holomorphic contractions which are conjugated as jets of a sufficiently high degree are actually 
conjugated as germs. A result of this kind has been proven by F. Berteloot, C. Dupont and L. 
Molino in jBDMOS] . In the appendix of this paper we provide a different and more concise proof. 

The authors would like to thank Eric Bedford and Jasmin Raissy for several useful conver- 
sations. The support of the INdAM grant Local discrete dynamics in one, several and infinitely 
many variables during the initial stages of this work is gratefully acknowledged. Part of this work 
was done while the last two authors were visiting the University of Leipzig and the Max Planck 
Institut fiir Mathematik in den Naturwissenschaften. We would like to thank both institutions 
for their hospitality and the Humboldt Foundation and the Ateneo Italo Tedesco for financial 
support in the form of a Humboldt Fellowship and of a Vigoni Project. 
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I A lemma in discrete linear control theory 

Let -E be a finite dimensional complex vector space, endowed with the norm | • |. We denote by 

II ■ I|l(£;) the corresponding operator norm on the space of linear endomorphisms of E. 

If (An) is a sequence of linear endomorphisms of E and n > m > 0, we denote by An^m the 
composition 

An.jn — Aji — iAji — 2 ' ' ' Ajji , A^ ji — / , 

which satisfies, for any n > m > £ > 0, 

An.mAm,e = An^g ■ (1-1) 

With this notation, the general solution (u„) of the equation 

Un+l ^ AnU„ + bn , Vn £ N , (1.2) 

can be written in the compact form 

n-l 

Un = AnfiUQ + ^ AnJ+lbj , (1.3) 
3=0 

as shown by a direct computation. A sequence (u„) C is said to be subexponential if for every 
9 > 1 there exists B = B{9) > such that 

\un\ < Be^ 

for all n > 0. 

Lemma 1.1. Let (An) be a sequence of linear automorphisms of E such that for every 9 > 1 
there exist positive numbers C{9) and a{9) < 1 for which 

||^;i,,„IL(^) < Ci9)9-a{9Y , ynJeN. (1.4) 

Then for every subexponential sequence (bn) C E, the equation \1.2]) has a unique subexponential 
solution (un) C E. 

Proof Let 9 > 1. Choose 1 < uj < 9'^!'^ such that >^a{9^^'^) < 1. Since (6„) is subexponential, 
there exists a number B > such that 

l&nl < Blu" , Vn e N . 

Together with the assumption (|1.4p this implies the estimate 

\A-le,Jn+i-i\ < C{9^/^)9"/^a{9^/yBuj"+'-^ = C{9^/^)Buj-^9"/^u;" (^a{9^/^) 

< C{9^/^)B9'' (0(6*1/2)^^. 

Since a{9^/^)u} < 1, the above estimate implies that for every n G N the series 

00 

w„ := - ^ A-l^^^bn+i-i , 



(1.5) 
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which corresponds to formula (jl.3p with 

oo 

i=i 

converges absolutely. In particular, (u„) is a solution of (|1.2p and by (jl.Sp 



l-a(6'i/2)a; 



Since > 1 is arbitrary, (u„) is subexponential. Finally, the uniqueness statement holds because 
the homogeneous equation Vn+i — AnVn does not have non-zero subexponential solutions since, 
by dLl, 

diverges exponentially if \vo\ ^ 0, because a(2) < 1. □ 

Remark 1.2. In general, an equation of the form = = AnU„ + &„ may have no 

subexponential solution (un), even if the sequences (6„) and (An) are bounded. Actually, by the 
formula every solution {u„) satisfies the estimate 

\un\<a"\uo\+b^—^ , (1.6) 
a — 1 

where 

a := sup \\An\\L(E) , &:=sup|6„|, 

neN neN 

but the constant a in U.6\) might be sharp for each solution. A one- dimensional example with 
a > 1 is given by 



fn{u) 



\u ifn^Qor{2k)\<n<{2k + l)\, 
2u~l if{2k + l)\<n<{2k + 2)\, 



for every fc G N. Indeed, in this case a = 2, b ~ 1, so U.6]) gives us 

\un\<2"{\uo\ + l) , VneN, 

from which we get 

\Ui2k+iy.\ = l/(2fe+l).-l • • • O /(2fe)!(«(2fe).)l = 2-(2'=+l)! + (2'=)V(2fc)!| 
< 2-(2fc+l)!+2(2fc)!(|^^| ^ ^) ^ 2-(2^-l)(2fe)!(|„^| + 1) ^ 

Since the map u t-^ 2u ^ 1 is a homothety with center u — 1 and expanding factor 2, 

|W(2fc)! - 1| = l/(2fe)!-l O ••• O /(2fe-l)! (""(2/0-1)!) - 1| 

Therefore, the equality |w„| — 2"+°^"^ holds on a subsequence, so the constant a ~ 2 is sharp in 
il.6]) . that is no solution (u„) is 0(a") with a < 2. 
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Let y be a linear subspace of E, playing the role of a control space. If we are allowed to 
perturb the sequence by a sequence in V and if V is preserved by all the automorphisms An, 
we find the following generalization of Lemma 11.11 where the operator norm in (jl.4D is replaced 
by the operator norm on the quotient E/V. 

Lemma 1.3. Let V be a linear subspace of E and let n: E ^ E/V be the quotient projection. Let 
{A„) be a subexponential sequence of linear automorphisms of E such that AnV = V for every 
n G N, and assume that for every 9 > 1 there exist positive numbers C{9) and ot{9) < 1 for which 

\\Kl,jLiE/v) ^ C{9)9"a{9Y , yn,£eN. (1.7) 

Then for every subexponential sequence C E there is a subexponential sequence (m„) C E, 
unique modulo V , and a subexponential sequence {v„) C V such that 

Un+l = AnUn + fo„ + Vn ■ 

Proof. Since (6„) is subexponential, so is {nbn) and by Lemma 1 1 . 1 1 applied to the vector space 
E/V there is a unique subexponential sequence (^„) C E/V such that ^„+i — A„^„ + 7r6„. 
Therefore, there is a sequence u„ £ ^„ such that 

\Un\ = ICnl and Vn := Un+l - AnUn ~ bn £ V . 

These sequences and (w„) satisfy all the requirements. □ 

Remark 1.4. All the results of this section hold, with minor changes, if E is an infinite dimen- 
sional complex Banach space. 



2 Linear conjugacy operators on the space of homogeneous 
polynomial maps 

We endow C'* with the norm 

\z\ max \z.j \ , \fz eC^ (2.1) 

i<j<d 

whose open ball of radius r about 0, that we denote by Br, is a polydisk. The corresponding 
operator norm on the space of linear endomorhisms of is denoted by || • |j. 

Let Jf'^ be the vector space of homogeneous polynomial maps p: C'* — > of degree k. 
The space Jif'' is naturally isomorphic to the space of C'-valued symmetric fc-linear maps on 
C^. We use the same symbol to denote the fc-linear form and the corresponding fc- homogeneous 
polynomial, adopting the notation: 

p{z)=p[z]'' =p[z,...,z] , "^zeC^. 

k 

The space .^'^ is normed by 

||p||:= sup ^ IIpII^^^^ . (2.2) 

Set 

Afe = {a e N'^ I |a| fc} , J = {1, . . . , d} , 
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where |q;| := ai H \- aa is the degree of the multi- index a. Then is spanned by the basis 

z'^Ci, (a,i)eAfeXj[, 
where ei, . . . , is the canonical basis of C'', and has dimension 

a — 1 

An equivalent norm on Jif'^ is clearly the maximum of the absolute values of the coefficients with 
respect to this basis and the Cauchy formula implies 

(k + d — 1\ 
a — 1 J (a,i)eAfcXj 

for p{z) = Ea,iCa,i2"ei. 

Consider the flag 

{0) = EoCEiCE2C---C Ed-i cEd = C'^ , 

where Ej = Span (e^-j+i, ■ • ■ , e^) is the space of vectors (zi, . . . , z^) such that Zi = for every 
i < d — j . A holomorphic map /: is said triangular if it preserves this flag, that 

is f{Ej) C Ej for every j = 0,...,d. It is said strictly triangular if ,f{Ej) C Ej^i for every 
j = 1, . . . ,d. A holomorphic map /: — >■ is triangular (respectively, strictly triangular) if 
and and only if /(O) = and for every j = 1 . . . ,d the j-the component of / depends only on 
the variables zi, . . . , Zj (respectively, zi, . . . , Zj_i). In particular, a linear endomorphism of is 
triangular (respectively, strictly triangular) if and only if the associated matrix is lower triangular 
(respectively, strictly lower triangular). Notice that the composition of triangular maps is still 
triangular, and it is strictly triangular if at least one of the maps is so. If we set 

Tfe := {{a, i) G Afe X J I a,- = Vj > i} , ^'^ = span {z^e^ | (a, i) G Tk} , 

then a polynomial map 

m 

fe=i 

is strictly triangular if and only if each h'' belongs to 

We are interested in polynomial automorphisms of that are strictly triangular perturba- 
tions of triangular linear maps, that is, maps : — >■ of the form 

g{z) = Dz + h{z) , yz€& , 

where D is a diagonal linear automorphism and /i is a strictly triangular polynomial map. Equiv- 
alently, g can be written component-wise as 

gi{z) = Aizi, 

g2{z) = X2Z2 + h2{zi), 

. (2.4) 

gdiz) = ^dZd + hd{zi, Zd-l), 

where each polynomial hj depends only on zi, . . . , Zj_i and vanishes at the origin, and none of 
the numbers Xj is zero. The above expression easily implies that g is an automorphism and that 
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its inverse has the same form. Throughout this paper, we shall briefly refer to automorphisms 
of the form (j2.4p as special triangular automorphisms. More properties of special triangular 
automorphisms are proved in Section [51 

A linear automorphism L of induces a linear conjugacy operator £/l ■ by 
setting 

.s/lP ■■= p o L . (2.5) 
This operator depends controvariantly on L, that is 

If the linear automorphism L is lower triangular, then the subspace of strictly triangular 
fc-homogeneous polynomial maps is ^^-invariant. If Z? is a diagonal linear automorphism, with 



^^(1) \ 



D = 



8{d)) 

then the conjugacy operator jz/q is diagonal with respect to the standard basis of ,ytf^\ indeed 

i/i3(z"e,) = (5(1)"^ . . . <5(^)"'-l . . . 5{dr^{z^e,) , 

for all (a,i) G x J. The induced operator on the quotient M'^ j (still denoted by s^d) is 
diagonal with respect to the basis 

z"e, + , (a, i) e (Afc X J) \ Tfc , 

and the eigenvalue corresponding to the eigenvector z^e^ + is the number 

(5(l)"V..5(i)""-^..(5(d)"'* , 

for all (Q!,i) G (A^ x J) \ T^. Therefore its operator norm can be estimated as follows 

ikdIL(^v^'=) < ^) , , "i^x \b(\r^ . . . <5(z)"'-i . . . 5{dr- \ . (2.6) 

(Q,i)e(AfcXj)\Tfc 

Here, the presence of the constant c(fc, d) is due to the fact that the norm || • || defined by (12. 2p 
is not a monotone function of the coordinates with respect to the standard basis of J^^. Such 
a constant would have been 1 if J^'^ were endowed with the (monotone) maximum norm of the 
coefficients with respect to the basis {z^Ci}, so (12. 3p implies that a suitable constant in (j2.6p is 



c(fc, d) 



k + d-l 
d-l 



By the definition of the set T^, we can reformulate the expression for the maximum which appears 
in (j2.6p and get 

\\^n\W^y^^,<cik,d) ( m^xj^(/.)|)' \ max,^ . (2-7) 

Let Li, . . . , Le be lower triangular linear automorphisms of C'', and let Di, . . . , be their 
diagonal parts. Therefore, L„ = -D„ + iV„ and = + Nn, where Nn and Nn are strictly 
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lower triangular linear endomorphisms of C*, for every n = !,...,£. Set Fn '■= D^^Nn and 
Fn '■— DnNn- Since is the diagonal part of L„, we have 

\\Ln\\ > max {LnCjl > max \Dnej \ = ||£>„|| , 

l<j<d l<j<d 

hence 

\\F.r,\\ = \\D,,L-' I\\ < \\Dj\\L-'\\ + 1 < \\LJ\\L-^ + 1 . (2.8) 
Symmetrically, we have 

lli^nll < ||in||||L-^|| + l. (2.9) 

If we denote by 2 the set {0,1}, we have the following useful representation formula: 
Lemma 2.1. For every p G J^'' the k-homogeneous polynomial map s^Lf-LiP equals 

D,F^' ■ ■ ■ DiF^'p[D^'Ff' ■ ■ ■ DJ^Pf' D^^pf ■ ■ ■ DJ^Pf'] , (2.10) 

Q,;3i,...,/3'= 

where the sum is taken over all a,f3^, ■ ■ ■ , in 2^ with \a\ < d, \/3^\ < d, .. . , < d. 
Proof. If 7 e 2 is then D.^P;! = D„ , while if it is 1 then D„i^T' = iV„. Therefore 

Actually, all the products containing at least d of the iV„'s vanish, so the above sum involves 
only the multi- indices a with \a\ < d, so 



• • • Li = J2 DeF^' ■ ■ ■ DiP^' . (2.11) 



|Q|<a 



Similarly, 

^r' ■ • • - Yl ^r'^i"' • • • ^i'^i' ■ (2-12) 



Formulas (j2.1ip and (j2.12l) imply the identity 



Qe2*, pel', 

\a\<d |/3|<d 



■■■dt'P^' 



\a\<d \l3^\<d t/3''|<d 

By fc-linearity the latter expression can be rewritten as (I2.10p . □ 

The following lemma is our main estimate for conjugacy operators induced by triangular 
automorphisms : 
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Lemma 2.2. Let Ln, ^ ^ n < £, be lower triangular linear automorphisms ofC^. Assume that 
the vector of diagonal entries of Ln is (A„(l), . . . , X„{d)). Then 

where 



K = K [d,k, max \\Ln\\, max \\L-'\\] , iV := (fc + - 1) , 

\ l<7i<£ l<n<£ J 

and the first maximum is taken over all the partitions 1 = nQ < ni < ■ ■ ■ < nj^ < riAr+i = £. 
Proof Fix some . ..,13^ such that la] < d, \j3^ \ < d, . . . , \I3^\ < d. The operator 



p ^ DeF^' ■ ■ ■ DiF^' p 



D^'F^' ■ ■ ■ D^'F^'- , . . . , D^'F^' ■ ■ ■ D7'F^ 



(2.13) 



appearing in (I2.10p can be seen as the composition of conjugacy operators £/d„ , ^ < n < i, 
alternated with the left-multiphcation operators 

^nP:=F^"p, l<n<£, 

and the right-muhiphcation operators 

^nP-=p[F^'\.-.,Ff] , l<n<i. 
Each of these operators preserves the subspace and by (|2.8p and (|2.9p . 

W^nhi^^/^^) < \\Fi-\\...\\Ff\\ < ll/^nf"...!!/:,,!!^" <p^"+-+^" , ^^'^^^ 

where 

p:= max(||i„|||lL-i + l) . 

Since |a| < d, the number of indices n for which ^„ is not the identity is at most d — 1. Similarly, 
since \I3^\ < d for every j = 1, . . . , fc, the number of indices n for which ^„ is not the identity is 
at most k{d — 1). It follows that there are natural numbers 

1 = "-0 ^ "-1 ■ • ■ ^iAf+l = ^ 

where N = {k + l){d—l), such that the operator (j2.13p is the composition of the N + 1 conjugacy 
operators 

with some of the operators ^„ and Using also (|2.14p . we deduce that the norm of the 

operator (j2.13p on M'^ j S'^ is not larger than the number 

n iK-^....-., ikwM • n • n p'"^-^'" 

(2.15) 



N 



J=0 
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Notice that 



fe+i 



|a|<d|/3i|<d |/3'=|<d 



\H«i I 



(2.16) 



and 



Ep'"' = E 

|Q|<d 



d-1 



J=0 



d-1 



J=0 



so the quantity (12.16^ is at most e^^^p^i^ . Since the operator s^Lf-Li is the sum of the 
operators (j2.13p over all multi-indices a, /3^, . . . , in 2^ with weight less than d, this bound on 
(|2.16p and the fact that the norm of (|2.13p is at most (j2.15p imply the estimate 



N 



1^7iQ<m<---<.njvS^*'JV + i 



n k^"+i" 



The conclusion now follows from the estimate (|2.7p . 



□ 



3 The formal non- autonomous conjugacy 

Let ^ C C[[zi, . . . , ^d]]'* be the space of formal series in d variables and with d components, with 
vanishing zero order term. If / G ^ and G N, we denote by J*^ the fc-homogeneous part of /. 
Therefore each / G ^ can be written uniquely as 

oc 

/ = E/'' (3.1) 

fc=i 

where G for every k G N+, and any expression of the form p.ip defines an element of 
The formal composition of two formal series h, f ^ ^ is well-defined, and its fc-th homogeneous 
part is given by the finite sum 

{hoff= h=[r\...,n] ■ (3.2) 

i>i 

\a\—k 

An element / G is invertible with respect to the formal composition if and only if its first 
order term is an invertible linear mapping. 

A sequence (/„) C =^ is said to be subexponential if for every k G N+ the sequence (J^') C J^^ 
is subexponential. Clearly, a bounded sequence in ^ with its standard structure of topological 
vector space, that is a sequence (/„) such that (f^) is bounded for every k, is subexponential. 
The aim of this section is to prove the following: 

Theorem 3.1. Let (/„) be a subexponential sequence in such that for every n G N the linear 
endomorphism L„ '■— fn invertible, lower triangular, and satisfies the uniform bounds 

<cA"-", ||i-]J| < CA*"-™ , Vn>m>0, (3.3) 
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where c > and < A < 1 < /i. Let ttiq e be such that 

A"°+V < 1 ■ (3.4) 

We assume that the vector (A„(l), A„(2), . . . , A„(d)) of diagonal entries of Ln satisfies the fol- 
lowing condition: For every 6 > 1 there exists a positive number C{9) such that 

max |A„+,,„(/i)| max < C{e)e^\' , (3.5) 

l<h<d' ^' " l<i<j<d \Xn+e^n{^)\ 

for every n,£ S N. Then there exist a subexponential sequence (gn) of special triangular automor- 
phisms of of degree at most niQ and a subexponential sequence in ^ such that g]^ = L„, 
/i^ — I , and 

hn+l ° fn= 9n°hn , VtI G N . (3.6) 

Proof. By the identity (|3.2p . the conjugacy equation (I3.6P is equivalent to the infinite system of 
algebraic equations 

ht+l[f^f + E ^n+l[/r , ■ • -Jn^] = 9>n] + E SiK' , ■ ■ • , ^n^' ] , (3.7) 
l<j<k l<j<k 
qGN^ aSN^ 
a| — |ck|— A; 

for fc e N+ and n e N. If we set 

gi:=/,i=L„, hl,:^I, VneN, (3.8) 

the equations (j3.7p are trivially satisfied when fc = 1, for any n e N. We have to prove that for 
every k > 2 there are subexponential sequences (/ijj) and (gfj in Jf'^ solving the equations (j3.7L 
with in the space of strictly triangular fc-homogeneous polynomial maps for 2 < k < mo, 
and = for fc > toq. 

Let k > 2. Using p.Sp . right-composing by and isolating the terms with j = 1 and 

j = fc in the two sums, we can rewrite equation p.7p as 

<+l = Kh';, O + O - /,t O + E (5^.K^ , ■ • • , d - l [/n ^ , • ■ • , /n^]) O in ' ■ 

l<j<k 

This equation has the form 

^n+l=<-/^n+5^°in'+&n- (3-9) 

where .c^^-i : J^'^ is the conjugacy operator by defined in (I2.5p . and 6fj is of the 

form 

~ ^ {fnJ ■ ■ ■ t fn'j 9nJ ■ ■ ■ > 9n S^nJ.-.j^n 5 ^n+1 1 ■ ■ • J '^n+l) ■ (3.10) 

In particular, 6^ does not depend on the sequences (5^)nGN and (ft.^J„gN for j > fc. 

Let TO > 2 be an integer. Arguing inductively on m, we assume that for every fc < to the 
equations (j3.7p . equivalently the equations p.9p . are satisfied by subexponential sequences (g^) 
and (/i^), such that (j3.8p holds and 

g^; e for 2 < fc < min{TO, toq + 1} , .g^ = for toq < fc < to , Vn G N . (3.11) 
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We want to prove that the equations 

c+i = <-c+5"°i;:' + c, (3.12) 

are satisfied by subexponential sequences (5™), (/i™), such that 

5™ e ^"^ , = if m > mo , Vn e N . (3.13) 

Our strategy is to apply Lemma 11.11 when m > mo, when we are forced to take = 0, and 
to apply Lemma 11.31 when m < mo, by using the space of strictly triangular homogeneous 
polynomials as a control space. 

By the assumption that (/„) is subexponential and by the inductive hypothesis, p.lOp shows 
that the sequence (6™) is subexponential. In order to estimate the operator norm of the linear 
part of the equation, we distinguish the cases m > mo and 2 < m < rriQ. 



The case m > hiq. By (|3.3p . the norm of the operator s^l^^i „ on M'™ is bounded by 

Kw,J|l(.^^) < ||i;^,,J|||w,„||™ < c"+i (M")' , Vn,£ e N . 

Since m > mo + 1 and A < 1, by (13.41) the number /iA™ is smaller than 1, so the operators 
An — ^^-1 = satisfy the assumption (jl.4p of Lemma [1.11 This lemma implies that the 

equation ([3.121) with 5™ = for every n G N has a unique subexponential solution (/i™). 



The case 2 < m < mo. By Lemma 12.21 the norm of the operator s^l„+i „ on the quotient 
space "7^" is bounded by 

Ml„+,,J|l(^™/.T'") < Kl^raax JT ("( max |A„^+,,„,.(/i)|) , j^^^^^ii^^^^^ 

N 

< 



Ki^max TT ( max |A„, , i.„^(/i)| max \ 

r=Q^^-''^'^ l<«<J<d |A„,+ i,„,(l)| 



where N = (m + l){d — 1), K ^ K{d,m,cX,cfi), and the first maximum is taken over all the 
partitions n = hq < ni < ■ ■ ■ < < ?^7v+l — n + £ ^ 1. In the last inequality we have used 
that \Xnr+i,nrW\ ^ ^"r+i-Kr < (13 3D and m > 2. Let 6* be any number greater than 1 

and let C{6) and a{9) < 1 be positive numbers such that p.5p holds. Plugging p.Sp into the 
last inequality, we get 

N 

= if0-^£^C(0)^+i0(^+i)" (0^A)' . 

Now let w > 1. Choose 9 >1 such that 6^+^ < w and 6l^A < 1. Then for every number a such 
that 6'^A < a < 1 there exists a constant C such that 

^^0(^+i)"(0^A)^ < CiJ^a' , Vn, ^ e N . 
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Together with the above estimate, p.l4[) shows that An = ■s/j^-i satisfies the assumption (I1.7P 
of Lemma ll.3[ which then imphes the existence of a subexponential sequence {gn) in J^"^ such 
that the equation 

has a subexponential solution (ft.™) C J^™. Then p.l2p is solved by the subexponential se- 
quences (/i™) and 

5^ 9n o La e . 

This concludes the proof of Theorem 13.11 □ 

Remark 3.2. (Uniqueness) Once the sequence of special triangular automorphisms (gn) has been 
fixed, the sequence (/i„) is uniquely determined by its first element ho thanks to 13. 6\} . Moreover, 
the above proof shows that the homogeneous polynomials h^ for k > toq are uniquely determined 
by the ones of degree at most mo . 

Remark 3.3. (The linearizable case) If X^^j, < 1 we can take tuq = 1 and the condition iS. 5\) is 
automatically fulfilled (up to the choice of a larger X < 1). In this case, the triangular automor- 
phisms gn = Ln are linear and the subexponential formal conjugacy (hn) is unique and actually 
bounded. 

Remark 3.4. As explained at the beginning of Section\^ the operator norm which appears in 
US. 3\) is the one induced by the norm \2.1]) on C*. However, the condition \3.'^) does not depend 
on the choice of the norm on C^, up to the choice of a different constant c. 

Remark 3.5. // we strengthen the assumptions of the above theorem by requiring that (/„) is 
bounded and that VS.5\) holds with 9 = 1, the same arguments imply that (gn) and (hn) are 
bounded. However, the weaker assumption that i3.5\} holds for every 9 > 1 is more relevant for 
our purposes, as it holds generically when the fn 's are induced by the restriction of a diffeo- 
morphism f to the stable manifolds along an orbit on a compact hyperbolic set (see the proof of 
Corollary [7^ below). 

4 A counterexample 

If we drop the assumption (j3.5p . the conclusion of Theorem 13.11 may fail. Let us exhibit a 
counterexample in dimension d = 2. Let (s^) be a strictly increasing sequences of integers such 
that 

8'=^'= = o(s2k+i) forfc^oo, (4.1) 
S2/C-1 = o(s2/c) k ^ oo . (4.2) 

For instance, we may take (s^) defined recursively by 

So = 1 , Sfe+i = 10"*= , 

that is, in Knuth's up-arrow notation, Sk = 10 tt k. 
Consider the sequence (/„) C ^ defined by 

jZi ~ \z\, \Z2 \ , if S2k <n < S2k+1 , 
izi, ~ jzf] , if S2k+1 <n < S2k+2 , 



fn{zi,Z2) 
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where k varies in N. Then the assumption p.3|) of Theorem 13.11 holds with the sharp constants 
A — 1/2, fj, = A. In particular, we can take niQ = 2 in (j3.4p . but not mo — 1, so we are not in the 
linearizable case of Remark 13.31 On the other hand, the vector (A„(l), A„(2)) of diagonal entries 
of is either (1/2, 1/4) or (1/4, 1/2), so 

max |A„+,,„(/j)| max = (1/2)^2^ = 1 , 

l<h<2' ^' " l<i<j<2 \\n+e^n{l)\ 

and (13. 5p does not hold. 

We shall prove that if (gn) and (/i„) are sequences in ^ such that g^^ — /i^ = /, 

hn+i ° fn ^ gn ° hn as 2-jets , Vn e N , 

and g^ belongs to for every n e N, then (/i^) is not subexponential. 

Since is diagonal, the equation (j3.9p splits into an equation for each element of the standard 
basis of J^^. Since g^ belongs to its first component vanishes and the equation for the 
coefficient of z| in the first component of hn - call it u„ - is just 



= A„(1)A„(2) ^u„-A„(2) , 



where a„ is the coefficient of z| in the first component of /„. By the definition of /„, the sequence 
of complex numbers u„ satisfies the recursive equation 



Un+l 



Un + 1, if S2k<n< S2k+1 , 

8u„, if S2k+i <n< S2k+2 



The solutions (u„) of the above equation are uniquely determined by the choice of the first 
element uq S C. We claim that for every choice of uq, the sequence (u„) is not subexponential. 
By the bound (|1.6p . we have 

<8"(|uo| + l) ■ 

Therefore, by 

Ws2k+l\ = \Us2k+S2k+l-S2k\ > S2fc+l-S2fe-|Us2fel > S2fc+1 " S2fe - 8"^'' ( | | + 1 ) = S2/c+l ( 1 + o(l )) 

diverges. Thus, if k is large enough, we find by (14. 2p 

Therefore, the inequality |u„| > 8"+°^") holds on a subsequence, hence the sequence (w„) is not 
subexponential and neither is (/i^). 

Remark 4.1. Since in this example is diagonal, it can be seen also as an upper triangular 
linear automorphisms, and one may hope to find a subexponential conjugacy with a sequence 
(gn) such that, denoting by S the involution (zi,Z2) '-^ {z2,zi), S o g^ o S is a special triangular 
automorphism of . However, an argument similar to the one developed above shows that any 
conjugacy (hn) between (fn) and a ((?„) of this form has a 2-homogeneous part which diverges 
exponentially. 

Remark 4.2. One could show that the basin of attraction of with respect to the above sequence 
ifn), that is the set 

{z £ \ fn o ■ ■ • o fo{z) ^ for n — > oo} , 

is the whole C^. 
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5 The abstract basin of attraction 

Let 'S be the category whose objects are the sequences 

f = {fn-Un^ Un+l)neN 

of injective holomorphic maps between rf-dimensional complex manifolds and whose morphisms 
h: f ^ g are sequences of injective holomorphic maps 

h = {hr,: Un ^ Vn)nen , with C/„ = dom/„, K = domfif„ , 

such that for every n G N the diagram 

Un > Un+1 

hn hn+1 

Vn Vn+1 

commutes. In other words, is the category of functors Fun(N, where ^ is the category 
of d-dimensional complex manifolds and injective holomorphic maps. 

If / is an object of and n > m > 0, we denote by fn.m the composition 

fn,m ~ fn—1 O ' ' * O fm • ^ ? fn,n ~ '^^Un ) 

which satisfies, for any n > m > i > 0, 

fn,m ^ fm,^ ~ fn,^ * 

We denote by W the inductive limit functor 

Lim ^ . 

That is, Wf is the topological inductive limit of the sequence of maps (/„) with the induced 
holomorphic structure: Constructively, Wf is the quotient of the set 



6 C/"n TO e N , Zn+1 = fn{Zn) ^11 > m 



Z 

n>m 



by identifying z and z' if Zn = z'^ for n large enough. The holomorphic structure is induced by 
the open inclusions 

/oo,m: Ur,i ^ Wf , Z ^ [if„.miz))n>m] ■ 

With the above representation, if ft,: / — 5 is a morphism in 'if, Wh is the injective holomorphic 
map 

Wh{[{Zn)n>m]) = [{hn{Zn))n>m] ■ 

The following result, whose proof is immediate, turns our to be useful in order to identify Wf: 

Lemma 5.1. Let h: f ^ g be a morphism in ^. Then Wh: Wf Wg is surjective (hence a 
hiholomorphism) if and only if for every m € N and every z GVm there exists n > m such that 

gn,m{z) G hn{Un). 
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Let B = Bi he the open unit ball about in and consider a sequence of injective holo- 
morphic maps /„ : i? — > i? such that 

\fn{z)\ < X\z\ , VzeB,VneN, (5.1) 

for some A < 1. In this case, the manifold Wf may be considered as the abstract basin of 
attraction of with respect to the sequence / — (fn)- In fact, if in addiction the maps /„ are 
restrictions of global automorphisms g„ of C*, then goo,n- — > Wg are biholomorphisms and, 
in particular, Wg can be identified with C^; through this identification, the induced holomorphic 
inclusion Wf ^ Wg = is the inclusion in of the basin of attraction of with respect to 
g, which is the open set 

{z e I gn,o{z) -> for n -> oo} , 

and the maps /oo,n ■ B — > Wf coincide with 5tx),n|B- Notice also that an immediate application of 
Lemma ISTTI implies that if / satisfies (j5.1L then for every r < 1 the manifold Wf is biholomorphic 
to the abstract basin of attraction of the restriction 

fnls^-Br^Br, nSN. 

By a bounded sequence of holomorphic germs we mean a sequence of holomorphic maps 

hn-. Br^C^ , n G N , 

defined on the same ball of radius r about and such that h„ {Br) is uniformly bounded. Under 
boundedness assumptions, the abstract basin of attraction is invariant with respect to non- 
autonomous conjugacies, as shown by the following: 

Lemma 5.2. Let f — (/„: B B)neN and g = (g„ : B — > _B)„gN be objects in such that 

\fn{z)\ < X\z\ , |5„(z)| < A|z| , VzeB,VneN, 
for some A < 1. Assume that there exist r > and a bounded sequence of holomorphic germs 

hn : Br~^C^ , n e N , 
such that hniO) — 0, Dhn{0) = I, and 

K+i ° fn^ gn°h„ , Vn e N , (5.2) 
as germs at 0. Then W f is biholomorphic to Wg. 

Proof. Fix a positive number r' < r. Since the maps hn are uniformly bounded on B^, the 
Cauchy formula implies that the second differential of /i„ is uniformly bounded on Br' . Since 
Dhn{0) = /, we deduce that there is a positive number s < r' such that ||D/i„(z) — I\\ < 1/2 
for every z Bg and every n G N. In particular, Dhn{z) is invertible with uniformly bounded 
inverse for every z ^ Bg and every n G N. Up to the choice of a smaller s, we deduce that /i„ is a 
biholomorphism from Bs onto an open subset of B which contains the ball Bs' , for some s' > 
independent on n. By (15. 2[) . the restrictions 

hn\B,-B,^B, nGN, 

define a morphism h from the restriction 

{fn\B, '■ Bs — > Bs)neN 

to g. Since for every n, m G N with n — m large enough 

(B) C Ba— " C Bs' C hn{Bs) , 

Lemma [nU implies that Wh is a biholomorphism from the abstract basin of attraction of (/ri|s^) 
to that of g. Since the former manifold is biholomorphic to Wf, the conclusion follows. □ 
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6 Iteration of special triangular automorphism 

In this section we establish some facts about the composition of special triangular automorphisms. 
We start by recalling that a family of polynomial endomorphisms of C'' is said to be bounded if 
their degrees and their coefiicients are uniformly bounded. The proof of the following lemma is 
straightforward: 

Lemma 6.1. (i) If ^ is a bounded family of polynomial endomorphisms ofC^ such thatp{0) = 
and Dp{0) = for every p in , then the family 

{t-'^p{tz) \ p&^, \t\< 1} 

is also hounded. 

(ii) If ^ and ^ are bounded families of polynomial endomorphisms ofC^, then the family 

{poq\pG ^, qe ^} 

is also bounded. 
Let gn-.C^-^ be defined as 

9n{z) := LnZ + Pn{z) , (6.1) 

where: 

(a) is a sequence of lower triangular linear automorphisms of such that < 
(.\n-m £qj. gygj-y n > m > 0, where c > and < A < 1; 

(b) {Pn) is bounded as a sequence of polynomial maps of the form 

Pn{z\, . . . , Zd) = (0,p^(2;i),...,pf(2;i,...,2;d_i)) , 
such that p„(0) 0, Dp„(0) = 0. 

In particular, the degree of p„ is bounded, hence there exist positive integers fci = l,k2, . . . ,kd 
such that 

degp>,{z1\z^\...,zf_\')<kj , yj = 2,...,d. (6.2) 

The next lemma implies in particular that the composition gnfi has uniformly bounded degree, 

for every n G N. 

Lemma 6.2. Let fci, . . . , fc^ be positive integers. The family endomorphisms of of the form 

f{z) = Lz+p{z) 

with L varying in the set of lower triangular matrices and p varying among polynomial maps of 
the form 

p{z)={Q,P2{zi),...,Pd{zu...,Zd-i)), p(0) = 0, Dp{0) = Q. 

which satisfy 

degp,- [z'l^ , 4^ • • • , ) < fcj , Vj = 2, . . . , d, 
is closed under composition. 
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Proof. If f{z) — Lz + p{z) and g{z) ^ Mz + q(z) are two such maps, then the composition 

/ o g{z) ^LMz + Lq{z) + p{Mz + q{z)) 

is readily seen to be of the same form. □ 

We can use the above two lemmas to prove the following: 

Lemma 6.3. Let gn be a sequence of special triangular automorphisms of of the form iS.lp 
which satisfies (a) and (h). Then the family of polynomial maps X^^gn.o, n ^H, is hounded. 

Proof. We argue by induction on the dimension d. If d = 1, the composition f/„ o — Ln,o is 
linear and the conclusion follows from the estimate in the assumption (a). We assume that 
the conclusion holds when the dimension is less than d. By Lemma 16.11 (i) , the sequence of 
polynomial maps 

(A-2>„(A"z)) 

is bounded. Denote by q the i-th component of the map gn,o- By the inductive hypothesis, the 
sequence (A~"(7^ g), for 1 < i < d — 1, is bounded. Therefore, by Lemma I5TT] fii). the sequence 

A->„ o g„,o = A-2>„(A"(A-"gi^o), . . . , A"(A-"gto')) (6-3) 
is also bounded. Since 

gn+ifi = Lngnfl + Pn ° Qufi and 50, = id , 
by the general formula (|1.3p . we have 

n-1 

5n,0 = Lnfi + ^ LnJ + lPj O gj^Q , 
3=0 

which can also be written as 

n-1 
j=0 

The estimate of the assumption (a) and the fact that (|6.3I) is bounded imply that X'^gn.o is 
bounded. □ 

We conclude this section by deducing the following: 

Lemma 6.4. Let gn be a sequence of special triangular automorphisms of of the form i6.1\) 
which satisfies (a) and (h) and let k := maxjfci, . . . , where the numbers ki — 1, ^2, . . . , fed 
satisfy i6.2\) . Then there exists a number C such that 

|gn,o(^)| <CA"(|z| + |zh , VzeC^ 

for every n gN. In particular, the basin of attraction of Q of the sequence {gn) is the whole C^: 

{zeC^l gnAz) for n ^ oo} = . 

Proof. By Lemmas 16.21 and 16.31 (A~"5„^o) is a bounded sequence of polynomial maps of degree 
at most fc, mapping into 0. Since A < 1, the claim immediately follows. □ 
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7 Proofs of the main results 

We are now ready to prove the first main theorem stated in the Introduction: 

Theorem 7.1. Let B be the open unit ball of and let f ~ [Jn'- B — > _B)„£n be an element of 
such that for every n G N 

^^l^l < |/„(z)| < A|z| , VzgB, (7.1) 

with < v < X < 1. Assume that the linear automorphism L„ '■= -D/„(0) is lower triangular 
and satisfies the condition iS. 5\) of Theorem \3.1l Then the abstract basin of attraction W f is 
biholomorphic to C^. 

Proof. Notice that by (|7.ip . ||i„|| < A and < fJ. ■— l/i^, so the assumption p.3p of 

Theorem 13.11 holds, hence also p.4p does (with a suitable mo). Since the holomorphic maps 
/„ are all defined on the unit ball B, map into 0, and have uniformly bounded images, by 
considering their Taylor expansion at we may see (/„) as a bounded sequence in the space of 
formal series In particular, (/„) is a subexponential sequence such that /,j = L„ satisfies 
the assumptions of Theorem 13. 1[ which implies the existence of a subexponential sequence (gn) 
of special triangular automorphisms of of degree at most mo and a subexponential sequence 
(hn) in ^ such that g^ — L„, /i^ — /, and 

h„+i o /„ = g„ ohn , Vji 6 N . (7.2) 

By p.4p . we can find 1 < < 1/A such that 

6'™«A™«+V<1- (7.3) 

For every n G N, consider the map 

/„(^) :=r+V„(0-"z) , VzeB. 

The linear automorphisms 

Ln DU{0) = 0L„ 

satisfy the bounds 

l|i„||<A, ||£,-i||<A, (7.4) 

where 

A:=6'A<1, fi:=9-^n. 
By (|7.ip , the Cauchy formula implies that Dfn is uniformly bounded on Bi/2- Therefore 

i?/„(z) = eDf,,{e-^z) 

is uniformly bounded on i?i/2, hence (/„) is a bounded sequence of germs. Fix a number A such 
that A < A < 1. Together with the first of the bounds in (|7.4p . a further use of the Cauchy 
formula implies that there exists < r < 1 such that for every n G N 

|/„(z)| < A|z| , VzeS, . (7.5) 

In particular, 

/ (/ri|s,. : Br Br)neN 
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can be seen as an object of The maps 

(Pn-- Br B , ip„{z) := 6~" z , 

define a morphism (p: f f, which induces a holomorphic injection W(p: Wf Wf. By (|7.ip 
and since A < 0~'^, for every m €N there is a natural number 71 > to so large that 

fn.m{B) C Sa"-'" C -B,-0-n = hn{Br) . 

Hence, Lemma 1 5. II implies that Wtp is a biholomorphism. Therefore, it is enough to show that 
Wf is biholomorphic to C*. 

The same rescaling used above defines the polynomial maps of degree at most toq 

5„(z) :=r+ig„(0-"z) , 

which satisfy 

5„(0) = , D~gniO) - L„ . 
If 2 < fc < Too, the homogeneous part of degree k of gn is 

~k _ n{l-k)n+l k 

so the fact that (g^) is subexponential and 9 > \ imply that the sequence of polynomials 

is bounded. Up to the choice of a smaller r > 0, by the first boimd in (|7.4p and the Cauchy 

formula, we may assume that 

|5„(z)| < A|z| , VzeS, . (7.6) 
Similarly, the sequence (/i„) C of formal series defined by 

is bounded in ^ . By (|7.2p and by the definition of /„, g„ and 

hn+l ° fn^ g-n ° K , Vn G N , (7.7) 

as formal series, so in particular as TOp-jets. Since by (I7.3p 

by the bounds (|7.4p Theorem lA.ll implies that (j7.7|) is satisfied as an identity of germs by a 
bounded sequence of germs (ft-„). By (|7.5p . (|7.6p and (|7.7p . Lemma [??^ implies that M^/ is 
biholomorphic to Wg. Since 

Wg^ {z eC^ \ gnfi{z) for n ^ oo] = , 

by Lemma WM we conclude that VF/ is biholomorphic to and hence so is W f . □ 

Remark 7.2. Instead than applying Theorem \A.1[ which establishes the existence of a hounded 
non- autonomous conjugacy of arbitrary sequences of germs starting from a conjugacy between 
their jets, one could use the fact that in the above case one of the two germs consists of special 
triangular automorphisms. In such a case, the convergent conjugacy is easier to obtain, by an 
argument due to J. -P. Rosay and W. Rudin \RR88}j . and used also in the already mentioned 
UVO^ and fP^m^ . 
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Finally, let us use the above theorem to deduce the second main theorem stated in the 
Introduction: 

Corollary 7.3. Let f:M-^ M be a holomorphic automorphism of a complex manifold and 
let A be a compact hyperbolic invariant set with d-dimensional stable distribution . Let x G A 
and assume that the stable space at x has a splitting 

r 
i=l 

such that 

lim \Df"'{x) u\^^"' = Xi uniformly for u in the unit sphere of Ei , 

n— >-oo 

where the numbers < < 1 are pairwise distinct. Then the stable manifold of x is biholomor- 
phic to C''. 

Proof. Set Xn = f^{x). By the local stable manifold theorem and up to the replacement of / 
with a sufficiently high iterate (an operation which does not change the stable manifold), we can 
find holomorphic embeddings 

ipn- B^W\x,,) 

with domain the unit ball about in C^, mapping into x„, and such that the identities 

f °fn ^ <y3n+l O /ri 

define holomorphic maps fn'-B^B such that 

M<\fn{z)\<\\z\, VzeS, VnGN, (7.8) 

for some 0<i^<A<l. A biholomorphism from the stable manifold W^{x) onto the abstract 
basin of attraction of with respect to the sequence (/„) is given by mapping each z S W^{x) 
into the equivalence class of the sequence (/"■(z))„>m, where m is so large that f"^{z) belongs 
to the image of Lpm- Therefore, it is enough to show that this abstract basin of attraction is 
biholomorphic to C^. 

Since the angles between the images of the subspaces Ei by the isomorphism Df^{xo) remain 
bounded away from zero (see |Mafi831 Section IV. 11]), by using a suitable linear non-autonomous 
conjugacy we may also assume that the automorphisms 

Ln = Df„{0) 

are lower triangular and preserve the orthogonal splitting of 

r 

C = X, , X, = Span {cj I k,-i <j< h] , 

for some = fco < fci < • • • < fc^ = rf, and 

lim \Lnfiu\^^^^ — Ai uniformly for u in the unit sphere of Xi , (7-9) 

where 

Ai > A2 > • • • > Ar . 
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Denote by A„(j), 1 < j < d, the diagonal entries of L„. Fix an index j such that /ci_i < j < ki. 
Since A„^o(j) is an eigenvalue of Ln,o with eigenvector u„ in the unit sphere of Xi, by (|7.9p we 
have 

lim |A„,o(i)r/" - lini |i„.ou„r/" = A, . 
If we set Xj = Xi for < j < ki, we have that 

Ai > A2 > • • • > Arf , 
and for every w > 1 there exists c(uj) > such that 

c(u;)-1c^-"A;' < |A„,o(j)| < c(a.)c^"A;' . 
The above two inequalities imply that, ii I < i < j < d and n, £ e N, then 

\>^n+e.n{j)\ _ |An+£,o(j)| |An,o(i)| c(^)^a;^"+^ AJ+^ Af / A A 4 4„^2£ 

\Xn+Ln{^)\ |A„,oO)||A„+f,oW| - c(w)-2^-2n-fA5'A^+^ ^' \ xJ ' ^ ' 

Moreover, by (TTS)) . |A„(ft,)| < A for every n eN, thus 

max \Xn+Uh)\ max {^^^±^41 ^ c(^)4^4„(^2^)£^ 

l<h<d' ■ l<i<j<d \Xn+e,nW\ 

This inequality shows that the assumption p.Sp of Theorem 13.11 holds (with a slightly larger 
A), hence Theorem 17.11 implies that the abstract basin of attraction of with respect to (/„) is 
biholomorphic to C*. □ 



A A non- autonomous conjugacy theorem 

The aim of this appendix is to prove the non-autonomous version of the well-known fact that two 
contracting germs of holomorphic maps which are conjugated as jets of a sufficiently high degree 
are actually conjugated as germs. Our proof follows the approach of Sternberg |Ste57| . but we 
replace the delicate estimates which are necessary to apply the Banach contraction principle by 
an easier computation of the spectral radius of the linearized operator, which allows us to apply 
the implicit function theorem. See jBDMOSj for a different approach. 
The space is endowed with the norm 

\z\ := max , Vz = (zi, . . . , G , 

whose ball of radius r about 0, that we denote by Br, is an open poly disk. If L is a linear 
endomorphism of C*, ||L|| indicates its operator norm induced by | • |. If (/„) is a sequence of 
composable maps we set, for n > m > 0, 

fn,m ■= fn-1 ° fn-2 O ■ ■ ■ O fm , fn,n = I , 

SO that 

fn.m O fnij = fn/ , Vn > m > ^ > . 

Denote by the space of germs at G C'' of holomorphic C^-valued maps which fix 0. A 
sequence (/„) C is said to be bounded if there exists r > such that Br is contained in the 
domain of each /„ and is uniformly bounded. 
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Theorem A.l. Let (/„) and (g-n) be two bounded sequences in'i^, whose linear parts coincide, 

Ln DUO) = DgniO) , 

and satisfy 

\\Ln,n.\\ < cA"-" , ||L-iJ| < cm"-" , Vn > m e N , (A.l) 
for some c > and < X < 1 < fi. Let k be a positive integer such that 

A^+V < 1 • 

Assume that the k-jets of (/„) and (gn) are boundedly conjugated, meaning that there exists a 
bounded sequence of polynomial maps Hn '■ C'^ — > C'', n G N, of degree at most k, such that 

Hn+l O fn = gn ° Hn aS k-jcts, V?! G N . (A. 2) 

Then (fn) and (gn) are boundedly conjugated as germs: There exists a bounded sequence (hn) C 
such that the k-jet of hn is Hn and 

hn+i ° fn^ gn°hn , Vn G N , (A. 3) 

as germs. 

As already noticed (see Remark [23]) , the assumption (jA.l|) does not depend on the choice of 
the norm of inducing the operator norm, up to the choice of a different constant c. Moreover, 
we may replace this assumption by the stronger requirement 

||L„||<A<1, ||L-i||</i, V?iGN. (A.4) 

Indeed, let A and p, be such that X<X<1, p,>fj. and A'^+^/t < 1. Then (jA.ip implies that we 
can find a natural number N such that 

\\Ln+N,n\\ < cA"^ < A^ , WLnl^J < C/l"^ < , Vn G N . 

If we set Ln := L(^n+i)N,nNi A := A^ < 1, fi :— fi^ , we see that the sequence (L„) fulfills the 
condition (|A.4p with constants A and fi which satisfy 

A^-+i/l = [X'^+^fif < 1 . 

If we set 

fn ■— f{n+l)N,nN i 9n ■— g{n+l)N,nN j 

and we define Hn to be the fc-jet of the composition H(^n+i)N,nN^ we get that {fn), (gn) and 
(Hn) satisfy the assumptions of the theorem, with (lA.ll) replaced by the stronger (jA.4|) . Finally, 
if (hn) is a bounded conjugacy between (/„) and (g„) with sequence of fc-jets (Hn), then the 
unique sequence (/i„) C ?f such that hnN = hn for every n G N and such that (|A.3p holds, is 
bounded and has {Hn) as its sequence of fc-jets. This shows that we may assume (|A.4p instead 
of (IXDl . 

Denote by || • ||oo,r the supremum norm on the polydisk Br- Consider the space 

Xk :— {u : Bi ^ \ u holomorphic and bounded with vanishing fc-jet at O} . 
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By the Cauchy formula, || • ||oo.i is a Banach norm on Xk. Moreover, using the Taylor formula 
with integral remainder and again the Cauchy formula, we find that for every u G Xk and every 
r < 1 there holds 

lkl|oo,.< ^^^P'+^^i||oo,.<C(^^j ll^^lloo.!, (A.5) 

where C — C{d, k) depends only on the dimension d and on the degree k. 

Let i°°{Xk) be the Banach space of sequences u = (m„) C Xk with finite supremum norm 

:= sup ||u„||oo,i < +00, 

and denote by U its unit open ball. If / : — ?► is a holomorphic map such that /(O) = 0, we 
consider the rescaled functions 

[ Df{0)z if r = . 

In order to prove Theorem lA.li it is enough to find a sequence u & U such that for r > small 
enough there holds 

(ii;+i+u„+i)o/;-.9;o(i/; + u„)^0, VneN. (A.6) 

In fact, in such a case the sequence of holomorphic functions 

h„ : Br C*, hn{z) := i/„(z) + ru„(z/r) , 

is bounded, has ff„ as its fc-jet and satisfies (|A.3p . 

By (jA.2[) . the fc-th jet of the left-hand side of (jA.6|) vanishes. Moreover, the fact that the 
sequences (/„) and (i?n) are bounded and ||D/„(0)|| < A < 1 impy that there exists rg > such 
that for every r £]0,ro[ and every w G [/, there holds 

fn{Bl) = ^fn{Br) C S|| £, || ^ C Bi , 
(ij; +U„)(^l) C ii/„(B,) C B\\DH„\U,^ + 1 C Byr . 

The above considerations imply that the map 

$: [0,ro[xU ^£^{Xk) , ^(r,^ + u„+i) o /; - g^i?; + j.„) , 

is well-defined. Notice that for r = the map $ is linear in u, 

$(0,m) = (u„+i o L„ - L„ o u„)^^j^ . (A. 7) 

Our aim is to show that if r > is small enough, then there exists u € U such that $(r, u) — 0. 
Since $(0,0) = 0, this fact is an immediate consequence of the parametric inverse mapping 
theorem, because of the following two Lemmas. 

Lemma A. 2. The map $ is continuous, is differentiable with respect to the second variable, and 
is continuous. 
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Proof. We shall repeatedly make use of the following consequence of Taylor's and Cauchy's 
formulas: If F C is a bounded set of germs whose /i-jets vanish, then 

\\D^r\\oo,s = 0{r''-^) for r ^ , uniformly in / e , (A.8) 

for every j £ N and s > 0. By (|A.2p . 

£n ■= Hn+1 O /„ — g„ O Hn 

is a bounded sequence of germs with vanishing fc-jet. Write 

where (/„) and (gn) are bounded sequences in with vanishing 1-jet. If w G C/ and < r < tq, 
a simple computation yields 

[$(r, u) - $(0, u)] ^ = + .g> H;^ - g^^ o {H^^ + u„) + u„+i o - u„+i o L„. (A.9) 

Since the A:-jet of in is zero and k > 1, (jA.Sp implies that 

Kllooa = 0(l). (A.IO) 

Here and in the following lines, limits are for r — )■ and are uniform in n G N. Moreover 
Hn{0) = 0, so by ^EM 

\\K\Ui^o{i). 

Then, since the 1-jet of gn vanishes, a further use of (jA.Sp implies that 

\\g:oH:\U, = 0{r) . (A.U) 

Similarly, 

||5Xi/;+^^„)L i=0(r) . (A.12) 

Again by (jA.Sp . 

||/;-L„||oo,i = 0(r), 



so, by the mean value theorem and (|A.4I) . 

WUn+l ° fn- Un+l ° -^n||oo,l = || ^'^n+l 1 1 ooa+0(r) 0(r) . 

Since A < 1, the Cauchy formula implies that \\Dun+i\\oo,\+oir) is bounded by ||wn+i||oo,i for r 
small enough, so we have 

ll"n+l ° fn- ° -^nHoo,! = \\Un+l\\oo .lO{r) . (A. 13) 

Formula (|A.9p and the asymptotics (jA.lOp . (jA.lip . (|A.12p . (|A.13p imply that for every u€U 

$(r,u) - $(0,u) = 0{r) . 

Together with the fact that the map $ is clearly continuous on ]0,ro[xU, this proves that $ is 
continuous on [0,ro[xJ7. 

The map u i— ^ <I>(r, u) is linear for r = 0; for r > its differential is given by 

[D2<i>{r,u)[v]]^ = vn+i o f: - Dg^jH:, + u„)K] . 
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Then if < r < tq, 

[D2Hr,u)[v] - i?2$(0,M)M]„ = O - Vn+l O i„ - + Un)[Vn] " ivn«„ • (A.14) 

By (1233, 

||w„+l O - O in||oo4 = ||l'ri+l||oo,lO(r) . (A.15) 

Moreover, the identity 
impUes that 

\\Dgl^{H:,+u.^)-L4^^^=o{l) , 

hence 

WOg'^lHl^ + Un)[Vn] - inW«||oo,l = || || oo,lo(l) • (A.16) 

By (TOl)) . (1X151) and (IXTHI) . 

||i?2$(r,w) -D2$(0,u)|| =o(l) , 

and together with the fact that the map (r, u) M- D2^{r,u) is easily seen to be continuous on 
]0,ro[xU, we conclude that this map is continuous on [0,ro[xU. □ 

Lemma A. 3. The linear operator £)2<&(0,0): £°°{Xk) — > £°°{Xk) is an isomorphism. 

Proof. By (jA.7|) . we have 

D2^{0, 0)[u] = (u„+i O Ln - Ln O Mri)„gN ' 

The multiplication operator by the sequence (Ln), that is 

is an automorphism of so it is enough to show that the operator 

(u„) (i^^ o w„_|_i o L„ - w„) (A. 17) 

is invertible on £°°{Xk). Consider the bounded linear operator 

T: £^{Xk) ^ £^{Xk), K) {L-^ o un+i o L„) . 
If j is a positive integer, the j-th power of T is 

By (IA.4[) and (jA.5|) . we have the estimate 

Ln+j.n I|oo,l 

< A^^ II"n+,||oo,A. < C^X^ (t^) ll"n+.-|U,l < ^(1 - A-'")-'"' (A'+ hlU^l^O ■ 

By taking the supremum over all rt G N and all u E £^{Xk), we deduce that the operator norm 
of has the upper bound 

||T^||i/j < (71/^(1 - AJ')-('=+i)/^A'=+V ■ 
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Since A < 1, the right-hand side of the above inequahty converges to A'^'+^/i for j — > +00, so the 
spectral radius of T has the upper bound 

p{T) < A'^+V . 

Since A'^+^/i < 1, we deduce in particular that 1 does not belong to the spectrum of T, so the 
operator (jA.17p is an isomorphism, as we wished to prove. □ 

Remark A. 4. We recall that any polynomial map p: ^ of degree at most k with Dp{0) 
invertible is the k-jet at of a holomorphic automorphism of (as proven by F. Forstneric 
\For99f and B. Weickert \Wei9 7]). This fact and Theorem \A.1\ immediately imply that the 
abstract basin of attraction (see Section\^ of with respect to a sequence of holomorphic maps 
fn : -Bi — > i?i such that 

v\z\ < \fniz)\ < X\z\ , VzeBi,VneN, 

where 0<i'<X<l is always biholomorphic to a domain of C^, a result of J.E. Fornaess and 
B. Stens0nes, see JFSO^. Indeed, the above assumption implies that 

/„(0)=0, p/„(0)||<A, \\Dfr,{0)-'\\<,^-\ 

and if gn is an automorphism of whose k-jet at coincides with that of fn, with k so large 
that X'^^^i'^^ < 1, Theorem \A.1\ and Lemma \5. 2\ imply that the abstract basins of attraction of 
with respect to (fn) and to are biholomorphic. But, since each gn is an automorphism 

ofC^, the abstract basin of attraction of with respect to (gn) is naturally biholomorphic to the 
following domain in 

{z eC^ \ gn,o{z) for n ^ 00} , 

as shown in Section\B[ In particular, the stable manifold of any point in a compact hyperbolic 
invariant set of a holomorphic automorphism of a complex manifold is always biholomorphic to 
a domain in C^. 
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Abstract 

We give a sufficient condition for tlie abstract basin of attraction of a sequence of holo- 
morphic self-maps of balls in to be biholomorphic to C*. As a consequence, we get 
a sufficient condition for the stable manifold of a point in a compact hyperbolic invariant 
subset of a complex manifold to be biholomorphic to a complex Euclidean space. Our re- 
sult immediately implies previous theorems obtained by Jonsson-Varolin and by Peters; in 
particular, we prove (without using Oseledec's theory) that the stable manifold of any point 
where the negative Lyapunov exponents are well-defined is biholomorphic to a complex Eu- 
clidean space. Our approach is based on the solution of a linear control problem in spaces of 
subexponential sequences, and on careful estimates of the norm of the conjugacy operator 
by a lower triangular matrix on the space of fc-homogeneous polynomial endomorphisms 
of C*. 

Mathematics Subject Classification 2010. Primary: 37F99. Secondary: 32H50, 37D25, 
37H99. 

Introduction 

Let / : Af — M be a holomorphic automorphism of a complex manifold and let A C Af be a 
compact hyperbolic invariant subset of Af, with stable distribution of complex dimension d. The 
stable manifold of each point x G A, that is the set 

W'ix) = (z e Af I lim dist (/"(z),/"(a;)) = o| , 

is the image of a holomorphic injective immersion W Af of a complex manifold W . Such an 
immersion endowes W^{x) with the structure of a complex manifold. As a model W one can 
choose, for instance, the space of sequences 



W = 



|(z„) C M I z„+i = /(z„) and lim dist (z„, /"(x)) = o} 



which is a d-dimensional complex submanifold of the complex Banach manifold consisting of all 
sequences (2„) C Af such that dist (z„, /"(x)) is infinitesimal. In this case, the immersion maps 
each sequence (z„) S W into its first element zq. 

The stable manifold W {x) is smoothly diffeoniorphic to and it is natural to ask whether 
it is also biholomorphic to (such a question was raised for instance by E. Bedford in [BedOOj ). 

The answer turns out to be afhrmative when the invariant set A is a hyperbolic fixed point, 
as proven by J. -P. Rosay and W. Rudin in .RR881 . More generally, M. Jonsson and D. Varolin 
proved that the answer is affirmative for almost every point in A, with respect to any invariant 
probability measure supported on A (see |JV02| ). In the general case, J. E. Fornsss and B. 
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Stens0nes have proven that is always biholomorphic to a domain in (see |FS04) . 

Remark IA.4I in the appendix below also explains why this fact holds) , but the question whether 
it is actually biholomorphic to remains open. 

By the local stable manifold theorem, a neighborhood of each point /"(x) in W {f" (x)) = 
f'^{W''{x)) is biholomorphic to the unit ball B about in C'', and by reading the maps flw^if^ix)) 
by means of these parameterizations (suitably chosen) , one obtains a sequence of holomorphic 
maps 

fn-.B^B 

which fix and are such that for every n G N, 

^^1^1 < |/«(^)| < A|z| , WzeB, (1) 

for some < < A < 1. For any sequence of holomorphic maps / = (/„ : B — > i?)„gN with the 
above properties, one can define the abstract basin of attraction o/O as the set Wf of all sequences 
{zn)n>m such that z„+i = fn{zn) for cvcry n > m, under the identification of sequences which 
eventually coincide. Such an object carries a natural complex structure. This construction is due 
to J. E. Fornaess and B. Stens0nes (FS04j : see Section [5] below for a more categorical approach. 
When the maps /„ are induced by a diffeomorphism / as above, the manifold Wf is naturally 
biholomorphic to the stable manifold of x. It has been conjectured that under the assumptions 
(H)), the abstract basin of attraction of with respect to (/„) is biholomorphic to (see [PetOS], 
|P W05) ■ [PetOTj V A positive answer to this conjecture would imply that the stable manifold of 
any orbit on a compact hyperbolic invariant set is biholomorphic to C^. 

Notice that by the application of a suitable non- autonomous linear unitary conjugacy, that is 
by the replacement of (/„) by {Un+i ° fn ° U~^) for a sequence (Un) of unitary automorphisms 
of C^, one may always assume that the linear parts of /„, 

Ln ■.= Df,,{{)) , 

are lower triangular matrices. More precisely, the choice of Uo in the unitary group determines 
the subsequent matrices Un, n > \, up to a conjugacy with a unitary diagonal matrix, and 
uniquely determines the absolute values of the diagonal entries of L„. The aim of this paper is 
to prove that, under a suitable assumption on the diagonal entries of L„, the above conjecture 
holds true: 

Theorem 1. Let /„; i? — > i? he a sequence of holomorphic maps which satisfies (QP. Denote by 
An(j) the j-th diagonal entry of the lower triangular matrix Ln — Dfn{0), for 1 < j < d, and 
assume that for every 9 > I there exists a number C{9) such that 

max TT \\k{h)\ max TT < c(0)0"A^ (2) 

k—n k—n 

for every n, £ G N, for some A < 1. Then the abstract basin of attraction ofO with respect to (/„) 
is biholomorphic to C^. 

Condition ([2]) is a sort of asymptotic weak monotonicity requirement on the diagonal entries 
of Ln, and (as it will be made clear by the basic estimate of Lemma l2.2p it is very natural in this 
context. It is automatically fulfilled when the constants which appear in ([T|) satisfy v'^X^ < 1 
(up to the choice of a larger A < 1, see Remark 13.31 below), which is another condition often 
appearing in the literature. 
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The above theorem sharpens a result of H. Peters (see |Pet07[ Theorem 9]), where a stronger 
pointwise condition is considered: it is required that there exists < A < 1 such that 

max \Xn(h)\ max ['^"^/'^j < A (3) 

l<h<d l<i<j<d \Xn{t)\ 

for aU n. See also |For04) . jWoin5) . |PW05) and |PVWn8) for related resuhs. 

An advantage of the asymptotic condition ^ as opposed to the pointwise condition is 
that it better fits with ergodic theory. Indeed, Theorem 1 implies that the stable manifold ^{x) 
of a point in the compact hyperbolic invariant set A is biholomorphic to when the negative 
Lyapunov exponents of / at a; are well-defined; 

Theorem 2. Let f:M-^M be a holomorphic automorphism of a complex manifold and let 
A be a compact hyperbolic invariant set with d- dimensional stable bundle . Let x G A and 
assume that the stable space E^{x) at x has a splitting 

r 

E%x)^^E, 

such that 

lim |_D/"(a;)u|^/" = A^ uniformly for u in the unit sphere of Ei , 

n— )-oo 

where the numbers < Ai < 1 are pairwise distinct. Then the stable manifold of x is biholomor- 
phic to C^. 

By Oseledec's theorem, the hypotheses in this statement hold for almost every point x, with 
respect to any invariant probability measure on A, and so this theorem is a somewhat more 
precise statement than the previously mentioned result of M. Jonsson and D. Varolin; thus using 
our approach it is possible to recover in a unified way all the main results on this subject already 
present in the literature. 

Our proof of the above theorems is based on two steps, that we keep separate. The first and 
main step is a formal non-autonomous conjugacy result, which states that under the assump- 
tion ^ there exists a sequence of formal series and a sequence (g„) of special triangular 
automorphisms of (see Section [5] for the definition) such that 

h„+i o /„ = g„ o /i„ , Vn e N . 

Here the important fact is that both (</„) and (ft.„) can be chosen to have subexponential growth 
(roughly speaking, subexponential estimates here replace the slowly varying functions of |JV02| 1: 
see Section [3] for a precise statement. The main point in the proof of this first step is a careful 
estimate, proven in Section[21 on the norm of the conjugacy operator by a lower triangular matrix 
on the space of fc- homogeneous polynomial endomorphisms of C*. It is this extimate that leads 
to condition 

We also exhibit a counterexample which shows that the first step fails when condition (0) is 
not fulfilled. Indeed, we show that if the strictly increasing sequence of natural numbers (s^) 
grows fast enough, for instance if Sk+i ~ 10**, then the sequence of automorphisms of 



fnizi, Z2) 




jZ^,^Z2j , ii S2k < n < S2k+i 

2^17 4 •^S 4 



Zl, 3Z2 - Izi) 1 if S2k+1 <n < S2k+2 



which does not satisfy ([2]), does not admit a bounded formal non-autonomous conjugacy at the 
level of 2-jets to any sequence of special triangular automorphisms. Notice that here ([T]) holds 
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with A = 1/2 and any v < 1/A (up to the restriction to a sufficiently smah baU), so this example 
also shows that the above mentioned condition i/^^X^ < 1 is sharp for the issue of the existence 
of a bounded conjugacy to a sequence of special triangular automorphisms. 

The second step is the non-autonomous version of the well-known fact that two germs of 
holomorphic contractions which are conjugated as jets of a sufficiently high degree are actually 
conjugated as germs. A result of this kind has been proven by F. Berteloot, C. Dupont and L. 
Molino in jBDMOS) . In the appendix of this paper we provide a different and more concise proof, 
based on the implicit mapping theorem. 

The authors would like to thank Eric Bedford and Jasmin Raissy for several useful conver- 
sations. The support of the INdAM grant Local discrete dynamics in one, several and infinitely 
many variables during the initial stages of this work is gratefully acknowledged. Part of this work 
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Institut fiir Mathematik in den Naturwissenschaften. We would like to thank both institutions 
for their hospitality and the Humboldt Foundation and the Ateneo Italo Tedesco for financial 
support in the form of a Humboldt Fellowship and of a Vigoni Project. 



I A lemma in discrete linear control theory 

Let i? be a finite dimensional complex vector space, endowed with the norm | • |. We denote by 

II ■ I|l(£;) the corresponding operator norm on the space of linear endomorphisms of E. 

If (An) is a sequence of linear endomorphisms of E and n > m > 0, we denote by An^m the 
composition 

An,m — Aji^iAji^2 ' ' ' A^ji , ^n,n — I j 

which satisfies, for any n > m > £ > 0, 

An,mAm,e = An/ ■ (1-1) 

With this notation, the general solution (u„) of the equation 

Un+l = A„Un + bn , Vn £ N , (1.2) 

can be written in the compact form 

n-l 

Un = AnfiUo + ^ Anj + lbj , (1.3) 

as shown by a direct computation. A sequence (u„) C £' is said to be subexponential if for every 
9 > 1 there exists B = B{9) > such that 

\un\ < 

for all n > 0. 

Lemma 1.1. Let (An) be a sequence of linear automorphisms of E such that for every 9 > I 
there exist positive numbers C{9) and a{9) < 1 for which 

\\A-l,J^^^^ < C{9)9-a{9Y , Vn,^ G N . (1.4) 

Then for every subexponential sequence (6„) C E , the equation U.2\) has a unique subexponential 
solution (un) C E. 
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(1.5) 



Proof. Let > 1. Choose 1 < oj < Q^l'^ such that ujOL(e^l'^) < 1. Since (6„) is subexponential, 
there exists a number B > such that 

\bn\ < Blo'' , V?i e N . 

Together with the assumption (|1.4p this imphes the estimate 

< C(6»i/2)S6)» (^0(6*1/2)^^. 
Since Q;(6'^/^)a; < 1, the above estimate imphes that for every n G N the series 

oo 
1=1 

which corresponds to formula (jl.3|) with 

oo 

e=i 

converges absolutely. In particular, (m„) is a solution of (|1.2I) and by (|1.5p 



1 -a(6ii/2)w 



Since > 1 is arbitrary, (u„) is subexponential. Finally, the uniqueness statement holds because 
the homogeneous equation Vn+i — AnVn does not have non-zero subexponential solutions since, 

by dm), 

\Vn\ = \An,oVo\ > ||^;;,olL(£)l«o| > 

diverges exponentially if \vo\ ^ 0, because a(2) < 1. □ 

Remark 1.2. In general, an equation of the form u„+i — fn{un) — AnUn + &n rnay have no 
subexponential solution (u„), even if the sequences (fe„) and {An) are bounded. Actually, by the 
formula jj. every solution (it„) satisfies the estimate 

a" - 1 

u„| < a"|Mo| + 6-^^— Y J (1-6) 



where 



a := sup P„||i(£;) , 6:=sup|6„| 

n£N n£N 



^iti i/ie constant a in hi. 6]) might he sharp for each solution. A one- dimensional example with 
a > 1 is given by 



fn{u) 



\u ifn = Qor{2k)\<n<{2k + l)\, 
2u-l i/(2fc + 1)! < n< (2/fc + 2)! , 



for every fc G N. Indeed, in this case a = 2, b — 1, so U.6\) gives us 

|m„| < 2"(|wo| + l) , VneN, 



5 



from which we get 

\Ui2k+iy.\ - l/(2fe+l)!-l O • • • ° /(2fe)!(M(2fe)!)| = 2-(2'=+l)! + (2fe)! ju^^fc)! | 

< 2-(2fe+l)'+2(2fe)!(|„^| + 1) = 2-(2fe-l)(2fc)-(|„^| + 1) ^ , 

Since the map u 2u — 1 is a homothety with center u — 1 and expanding factor 2, 

"(2fc)! - 1| = l/(2fc)!-l ° " ■ ° /(2fc-l)!(w(2fe-l)!) - 1| 

Therefore, the equality |w„| = 2"+°(") /lo/ds on a subsequence, so the constant a — 2 is sharp in 
il.6]) . that is no solution (u„) is 0(ck") with a < 2. 

Let y be a linear subspace of E, playing the role of a control space. If we are allowed to 
perturb the sequence (&„) by a sequence in V and if V is preserved by all the automorphisms An, 
we find the following generalization of Lemma 11.11 where the operator norm in (jl.4p is replaced 
by the operator norm on the quotient E/V. 

Lemma 1.3. Let V be a linear subspace of E and let t:: E E/V be the quotient projection. Let 
(An) be a subexponential sequence of linear automorphisms of E such that AnV = V for every 
n gN, and assume that for every > I there exist positive numbers C{9) and a{9) < 1 for which 

WKl.jLiE/v) ^ c{e)e-a{eY , Vn,^ e n . (1.7) 

Then for every subexponential sequence (6„) C E there is a subexponential sequence C E, 
unique modulo V , and a subexponential sequence {vn) C V such that 

Un+l = AnUn + &„ + W„ . 

Proof. Since (6„) is subexponential, so is (7r6„) and by Lemma Tl . 1 1 applied to the vector space 
E/V there is a unique subexponential sequence (^„) C E/V such that = A„^„ + 7r6„. 

Therefore, there is a sequence u„ G ^„ such that 

\Un\ = \Cn\ and Vn ■■= Un+l - ^«"« ^ bn € V . 

These sequences and (w„) satisfy all the requirements. □ 

Remark 1.4. All the results of this section hold, with minor changes, if E is an infinite dimen- 
sional complex Banach space. 



2 Linear conjugacy operators on the space of homogeneous 
polynomial maps 

We endow with the norm 

\z\ max \zj \ , \fz eC^ (2.1) 

i<j<d 

whose open ball of radius r about 0, that we denote by 5^, is a polydisk. The corresponding 
operator norm on the space of linear endomorhisms of is denoted by || • ||. 

Let ■Jif'^ be the vector space of homogeneous polynomial maps p: C'' of degree k. 

The space J^'' is naturally isomorphic to the space of C'-valued symmetric fc-linear maps on 
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C^. We use the same symbol to denote the fc-hnear form and the corresponding fc-homogeneous 
polynomial, adopting the notation: 

p{z) = p[zf = p[z^_^] , VzeC^. 

k 



The space Jf is normed by 

Ibll := . , 

zeC'i\{o} \z 



:= sup M^ = ||p|U,5^. (2.2) 



Set 

Aft = {aeN'^||a| = A;} , 3 = {l,...,d}, 
where \a\ := ai H h aa is the degree of the multi-index a. Then Jif'^ is spanned by the basis 

z"ej, {a, «) G Afc X J , 

where ei, . . . , is the canonical basis of C^, and has dimension 



dim Jf''^ = dcardAfe = ^'^ 



An equivalent norm on J^'^ is clearly the maximum of the absolute values of the coefficients with 
respect to this basis and the Cauchy formula implies 



fk + d-l\ , , 

^ iij.,, < max Ca,i , (2.3) 

(a,i)eAfcXj V a— 1 / (Q,i)6AfcXj 



for p(z) = Ea,iCa,i2"ei. 

Consider the flag 

{0)=EoCEiCE2C---C Ed-i (lEd = C\ 

where Ej = Span (ed_j+i, . . . , e^) is the space of vectors (^i, . . . , Zd) such that = for every 
i < d — j. A holomorphic map /: — )• is said triangular if it preserves this flag, that 
is f{Ej) C Ej for every j = 0, . . . ,d. It is said strictly triangular if f(Ej) C iJj-i for every 
J = 1, . . . , d. A holomorphic map /: — >■ is triangular (respectively, strictly triangular) if 
and and only if /(O) = and for every j = 1. . .,d the j-the component of / depends only on 
the variables z\,. . . ,Zj (respectively, zi, . . . , Zj-\). In particular, a linear endomorphism of is 
triangular (respectively, strictly triangular) if and only if the associated matrix is lower triangular 
(respectively, strictly lower triangular) . Notice that the composition of triangular maps is still 
triangular, and it is strictly triangular if at least one of the maps is so. If we set 

Tfc := {(a, i) e Afe X J I a,- = Vj >i} , = span {z'^Ci \ {a, i) e Tfe} , 

then a polynomial map 

m 

fc=i 

is strictly triangular if and only if each h'^ belongs to 
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We are interested in polynomial automorphisms of that are strictly triangular perturba- 
tions of triangular linear maps, that is, maps g: ^ oi the form 

g{z) ^ Dz + h{z) , yzeC^, 

where I? is a diagonal linear automorphism and h is a strictly triangular polynomial map. Equiv- 
alently, g can be written component- wise as 

gi{z) ^ Aizi, 

g2{z) = X2Z2 + ^2(21), 

. (2.4) 

gd{z) = XdZd + hd{zi, Zd-i), 

where each polynomial hj depends only on 2:1, ... , Zj^i and vanishes at the origin, and none of 
the numbers is zero. The above expression easily implies that g is an automorphism and that 
its inverse has the same form. Throughout this paper, we shall briefly refer to automorphisms 
of the form (|2.4p as special triangular automorphisms. More properties of special triangular 
automorphisms are proved in Section [S) 

A linear automorphism L of induces a linear conjugacy operator £/l : J^'' Jf'' by 
setting 

£/lP ■■= L^^ P o L . (2.5) 
This operator depends controvariantly on L, that is 

If the linear automorphism L is lower triangular, then the subspace ,3^'' of strictly triangular 
fc-homogeneous polynomial maps is ^^-invariant. If Z? is a diagonal linear automorphism, with 



^^(1) \ 



D = 



S{d)J 

then the conjugacy operator jz/d is diagonal with respect to the standard basis of J^'^; indeed 

s^oiz'^e,) = S{ir' . . . <5(^)"'-l . . . S{dr'{z^e,) , 

for all (a,i) G x J. The induced operator on the quotient Jf*^/^*^ (still denoted by £/d) is 
diagonal with respect to the basis 

z"e, + ^'^ , (a, i) £ (Afe X J) \ Tfe , 

and the eigenvalue corresponding to the eigenvector z^e,; + is the number 

(5(l)"i ...(5(i)"'-i...(5(d)"'* , 

for all {a,i) £ (A^ x J) \ Tfe. Therefore its operator norm can be estimated as follows 

\\^D\\Li^^/^^)<c{k,d) max \6iir...Sitr'-K..d{dr'^\ . (2.6) 



Here, the presence of the constant c(fc, d) is due to the fact that the norm || • || defined by 
is not a monotone function of the coordinates with respect to the standard basis of . Such 
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a constant would have been 1 if were endowed with the (monotone) maximum norm of the 
coefficients with respect to the basis {z^Ci}, so (12. 3p implies that a suitable constant in (|2.6p is 



c(fc, d) 



k + d-1 
d-1 



By the definition of the set Tfc, we can reformulate the expression for the maximum which appears 
in (j2.6p and get 



IK.L(^V^^) < cik,d) ( maxJ^Wl)' \ max^™ . (2-7) 

Let Li, . . . , Le be lower triangular linear automorphisms of C*, and let Di, . . . , Di be their 
diagonal parts. Therefore, L„ = -D„ + iV„ and L^^ = _D,7^ + Ar„, where Nn and 7V„ are strictly 
lower triangular linear endomorphisms of C'', for every n = !,...,£. Set Fn '■= D~^Nn and 
Fn := DnNn- Sincc I?„ is the diagonal part of L„, we have 

\\Ln\\ > max \Lnej \ > max \Dnej \ = ||£>„|| , 

l<j<d l<j<d 

hence 

||F„|| = \\D,,L-' I\\ < \\D^\\\\L-'\\ + 1 < ||L„||||i,T^|| + 1 . (2.8) 
Symmetrically, we have 

ll^^„ll<l|i„lll|i.;;'ll + i. (2.9) 

If we denote by 2 the set {0, 1}, we have the following useful representation formula: 
Lemma 2.1. For every p G J^^'' the k-homogeneous polynomial map s^Lr--LiP equals 

D,F^' ■ ■ ■ DiF^'p[D^'Ff' ■ ■ ■ DJ^F^' D^^pf' ■ ■ ■ DJ^F^] , (2.10) 

Q,/3i,...,/3'= 

where the sum is taken over all a,f3^, ■ ■ ■ , fi^ in 1^ with \a\ < d, \/3^\ < d, .. . , < d. 
Proof. If 7 e 2 is then D„F;! = while if it is 1 then D„i^T' = N„,. Therefore 

Actually, all the products containing at least d of the iV„'s vanish, so the above sum involves 
only the multi- indices a with \a\ < d, so 

Li---Li= DtP^' ■ ■ ■ DiF^' . (2.11) 

\a\<d 

Similarly, 

• • • = E ^r'^i"' • • • D^'p^' ■ (2-12) 

l/3|<d 
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Formulas (|2.1ip and (|2.12l) imply the identity 



\a\<d |/3|<d 



■■■D7^F'' 



\a\<d. \P^\<d t/3'°|<d 

By fc-linearity the latter expression can be rewritten as (j2.10p . □ 

The following lemma is our main estimate for conjugacy operators induced by triangular 
automorphisms : 

Lemma 2.2. Let Ln, 1 < n < £, be lower triangular linear automorphisms ofC^. Assume that 
the vector of diagonal entries of L„ is (A„(l), . . . , A„((i)). Then 



IKL,...Lilli(^./jr.) < i^^^max]^^ ^^max^|A„^+,,„,.(/i)|j ^^max 
where 



is: = max ||i„||, max , iV := (fc + - 1) , 

\ l<7i<£ l<n<^ J 

and the first maximum is taken over all the partitions 1 = nQ < ni < ■ ■ ■ < < n^+i — i- 
Proof. Fix some a, /3\ . . . ,/3'= e 2^ such that |a| < d, \i3^\ < d, . . . , \(3''\ < d. The operator 



p ^ DeF^' ■ ■ ■ DiF^' p iD^^pf' ■ ■ ■ Dj^pf' D^^pf^ ■ ■ ■ D'^P,^' 



(2.13) 



appearing in (|2.10p can be seen as the composition of conjugacy operators I < n < £, 

alternated with the left-multiplication operators 

if„p:=F„""p, l<n<i, 

and the right-multiplication operators 

^,,p:=p[Pfr,...,Pf] , i<n<e. 
Each of these operators preserves the subspace ,5^'^, and by (12. 8p and (12. 9p . 

|-^fi||L(^V-3^'°) - ll-^n"ll - ll-^nlT" ^ P"" ' 

W^nhi^^/^^) < < \\Pn\f-...\\Pn\f-<P^'^ + -+^- , 

where 

p:= max (||L„||||L,7i + l) . 

l<.n<t 

Since |a| < d, the number of indices n for which Jtfn is not the identity is at most d — 1. Similarly, 
since | < d for every j = 1, . . . , fc, the number of indices n for which ^„ is not the identity is 
at most k{d — 1). It follows that there are natural numbers 

1 = "-0 ^ "-1 ■ ■ ■ ^iAf+l = ^ 



(2.14) 
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where N = (fc + l)((i— 1), such that the operator (|2.13p is the composition of the + 1 conjugacy 
operators 

with some of the operators and Using also (|2.14p . we deduce that the norm of the 

operator (|2.13p on j is not larger than the number 



AT 



J=0 



n— 1 n— 1 



J"l + l/^'l + --- + l/3'^ 



N 



(2.15) 



3=0 



Notice that 



( \ 



1 ae2 I 

\|a|<d / 



(2.16) 



\a\<d |/3i|<a 



and 



Ep'"' = E 



|a|<d 



J=0 



J=0 



d-1 



< 



< 



„d-l/jd-l 



ep 



3=0 



SO the quantity (I2.16P is at most e^^^p^i^ . Since the operator £/Li---Li is the sum of the 
operators (j2.13p over all multi-indices a, /3^, . . . , in 2^ with weight less than d, this bound on 
(|2.16p and the fact that the norm of (|2.13p is at most p.isp imply the estimate 



N 



l—no<ni<---<ni^<ni^^i—£ W ^ 

The conclusion now follows from the estimate (|2.7p . 



3=0 



□ 



3 The formal non- autonomous conjugacy 

Let ^ C C[[zi, . . . , Zd]]'* be the space of formal series in d variables and with d components, with 
vanishing zero order term. If / G ^ and fc G N, we denote by /'^ the fc-homogeneous part of /. 
Therefore each / £ ^ can be written uniquely as 

oo 

/ = E/'' (3.1) 

where S M'^ for every k 6 N+, and any expression of the form p.ip defines an element of ^ . 
The formal composition of two formal series h, f £ ^ is well-defined, and its A;-th homogeneous 
part is given by the finite sum 

E hnr\.-.,n] . (3.2) 

\a\—k 
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An element / G ^ is invertible with respect to the formal composition if and only if its first 
order term is an invertible linear mapping. 

A sequence (/„) C =^ is said to be subexponential if for every k G N+ the sequence (/^') C J^'' 
is subexponential. Clearly, a bounded sequence in ^ with its standard structure of topological 
vector space, that is a sequence (/„) such that (/^) is bounded for every k, is subexponential. 
The aim of this section is to prove the following: 

Theorem 3.1. Let (/„) be a subexponential sequence in ^ such that for every n G N the linear 
endomorphism L„ '■— fn invertible, lower triangular, and satisfies the uniform bounds 

||i„,m|| <cA"-", ||i-]J| < c/."-™ , Vn>m>0, (3.3) 

where c > and < A < 1 < /i. Let uiq G N+ be such that 

A^^+V < 1 ■ (3.4) 

We assume that the vector (A„(l), A„(2), . . . , A„((i)) of diagonal entries of Ln satisfies the fol- 
lowing condition: For every 9 > 1 there exists a positive number C{9) such that 

max |A„+,,„(/.)| max < ^7(0)^^ , (3.5) 

l<'i<<i l<i<]<d |A„+j»_„(l)| 

for every n,i? G N. Then there exist a subexponential sequence (gn) of special triangular automor- 
phisms of of degree at most niQ and a subexponential sequence {h ^) in ^ such that g^ — L^i, 
h]^ = I, and 

hn+l ° fn= 9n°K , Vrt G N . (3.6) 

Proof. By the identity p.2p . the conjugacy equation p.6p is equivalent to the infinite system of 
algebraic equations 

h'n+lifnf + E ■ • -Jn^] = 9X + E diK' . ■ ■ -^h^^] , (3.7) 

l<j<k l<j<k 

a| — fc |Qi|— A; 

for fc G N+ and n G N. If we set 

gi:=/i=L„, hl,:=I, Vn G N , (3.8) 

the equations (|3.7p are trivially satisfied when fc = 1, for any n G N. We have to prove that for 
every k > 2 there are subexponential sequences (/ij;) and (y^) in Jff'^ solving the equations (|3.7I) . 
with g^ in the space of strictly triangular fc- homogeneous polynomial maps for 2 < fc < mg, 
and = for fc > ruQ. 

Let fc > 2. Using (j3.8L right-composing by L~^, and isolating the terms with j — 1 and 
j = fc in the two sums, we can rewrite equation p.7p as 

ht+, = Lr^hi o + .g^ o - o + J2 {9i[hT ,---,K']- K+i [fn' , ■ ■ • , /"^]) ° Ln^ ■ 

l<j<k 
\a\ — k 

This equation has the form 

= /if; + gf, o + b^ , (3.9) 
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where s^i^-^ ■ is the conjugacy operator by defined in (j2.5p . and h\ is of the 

form 

^ri = ^ (/n; ■ • ■ J /n ; ■ • ■ 1 3n ^'i^ni---^^n ^ 5 ^n+1 ; • ■ • i ''"n+l) • (3.10) 

In particular, h\ does not depend on the sequences (g^)„gN and (ft.^J„gN for j > fc. 

Let TO > 2 be an integer. Arguing inductively on m, we assume that for every k < m the 
equations (|3.7p . cquivalcntly the equations p.9p . are satisfied by subexponential sequences (g^) 
and (/ijj), such that (j3.8p holds and 

G 5^'^ for 2 < k < min{TO, toq + 1} , g^; = for Too < fc < TO , Vn e N . (3.11) 

We want to prove that the equations 

/l7+l=<-l/i-+C°^n'+C> (3.12) 

are satisfied by subexponential sequences (g™), (h™), such that 

g^" e , 5,7 = if m > TOO , Vn e N . (3.13) 

Our strategy is to apply Lemma 11.11 when to > too, when we are forced to take = 0, and 
to apply Lemma 11.31 when m < too, by using the space of strictly triangular homogeneous 
polynomials as a control space. 

By the assumption that (/„) is subexponential and by the inductive hypothesis, p.lOp shows 
that the sequence (5™) is subexponential. In order to estimate the operator norm of the linear 
part of the equation, we distinguish the cases to > too and 2 < m < mo- 

The case m > mo- By (|3.3p . the norm of the operator s^l^^i „ on ™ is bounded by 

IKw,JU(^™) < ||L;i,,J|||W.nir" < c"+' (mA")' , Vn,£ e N . 



Since m > toq + 1 and A < 1, by (|3.4p the number /iA™ is smaller than 1, so the operators 
An = -e/^-i ~ satisfy the assumption (jl.4p of Lemma [l.ll This lemma implies that the 

equation (j'3.12p with = for every n e N has a unique subexponential solution (/i™). 



The case 2 < m < mo- By Lemma 12.21 the norm of the operator ^l„+£ „ on the quotient 
space is bounded by 



<ii'£^max n ( ( max |A„^^,,„,.(/i) 



^ ' |A„,+i,„,(j)| 



r=a^ -^'^ -+1^ '^1 l<»<J<d |A„^+i,„^(i)l 

^ oN TT f l\ /I.M |Anr+i,nr(j)l 

<Kt max max A„ ,i.„^(/i) max — — - 

where N — (m + l){d ~ 1)^ K = K{d^m,c\,c^), and the first maximum is taken over all the 
partitions n — < ni < ■ ■ ■ < < ?ijv+i — n + i — 1. In the last inequality we have used 
that \Xnr.+i,nr.W\ ^ ^"r+i-Kr < ^ ]-,y ^ 3^ ^ud TO > 2. Let 6 be any number greater than 1 
and let C{9) and a{9) < 1 be positive numbers such that p.5p holds. Plugging p.Sp into the 
last inequality, we get 

N 

= /i:^^(7(0)^+i6»"+^("+^-i)A^ (3-14) 
= if0-^£^C(0)^+if?(^+i)" (e^A)' . 
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Now let cj > 1. Choose 6* > 1 such that 9^+^ < w and 6l^A < 1. Then for every number a such 
that < a < 1 there exists a constant C such that 

^NQ(N+i)n^gNyY < Cuj'-'a' , Vn, ten. 

Together with the above estimate, p.l4p shows that A„ = ^l^^ satisfies the assumption (|1.7p 
of Lemma ll.3[ which then implies the existence of a subexponential sequence {gn) in S^"^ such 
that the equation 

has a subexponential solution (ft.™) C Jf™. Then p.l2p is solved by the subexponential se- 
quences (ft™) and 

5^ g« ° Ln e ^™ . 

This concludes the proof of Theorem 13.11 □ 

Remark 3.2. (Uniqueness) Once the sequence of special triangular automorphisms (gn) has been 
fixed, the sequence (hn) is uniquely determined by its first element ho thanks to iS.b]) . Moreover, 
the above proof shows that the homogeneous polynomials ft§ for k > ruo are uniquely determined 
by the ones of degree at most mg . 

Remark 3.3. (The linearizable case) If < \ we can take tuq ~ 1 and the condition \3. 5]) is 
automatically fulfilled (up to the choice of a larger \ <1). In this case, the triangular automor- 
phisms gn = Ln are linear and the subexponential formal conjugacy {hn) is unique and actually 
bounded. 

Remark 3.4. As explained at the beginning of Section\^ the operator norm which appears in 
lis. S]) is the one induced by the norm i2.1\] on C^. However, the condition does not depend 

on the choice of the norm on C'*, up to the choice of a different constant c. 

Remark 3.5. // we strengthen the assumptions of the above theorem by requiring that (/„) is 
bounded and that \3. 5\) holds with 9 — 1, the same arguments imply that (gn) and (hn) are 
bounded. However, the weaker assumption that i3.5\) holds for every 9 > 1 is more relevant for 
our purposes, as it holds generically when the fn 's are induced by the restriction of a diffeo- 
morphism f to the stable manifolds along an orbit on a compact hyperbolic set (see the proof of 
Corollary below). 

4 A counterexample 

If we drop the assumption (j3.5p . the conclusion of Theorem 13.11 may fail. Let us exhibit a 
counterexample in dimension d = 2. Let (sk) be a strictly increasing sequences of integers such 
that 

8"=^'= = o(s2fe+i) forfc^oo, (4.1) 
S2fe-i = o(s2fe) for A: oo . (4.2) 

For instance, we may take (sk) defined recursively by 

So = 1 , Sfc+i = 10"= , 

that is, in Knuth's up-arrow notation, Sk = 10 tt k. 
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Consider the sequence (/„) C ^ defined by 

\zi_ ~ \z\, \z-2 \ , \i S2k<ri< S2/C+1 , 

^Zl, \Z2 - \ , if S2fc+1 <n< S2k+2 , 

where k varies in N. Then the assumption (I3.3P of Tlicoreni 13.11 holds with the sharp constants 
A = 1/2, /X = 4. In particular, we can take mo = 2 in (j3.4l) . but not toq = 1, so we are not in the 
linearizable case of Remark 13.31 On the other hand, the vector (A„(l), A„(2)) of diagonal entries 
of is either (1/2, 1/4) or (1/4, 1/2), so 

max |A„+,,„(/i)| max {^^^±^ = (1/2)^2^ = 1 , 

l<h<2' ^' l<i<i<2 |A„+£,„(?)| 

and (|3.5p does not hold. 

We shall prove that if ((;„) and (/i„) are sequences in ^ such that g}^ — /,^, hj^ = I, 

hn+i ° fn ^ gn ° hn as 2-jets , Vn e N , 

and belongs to for every n g N, then (/i^) is not subexponential. 

Since f}^ is diagonal, the equation p. 91) splits into an equation for each element of the standard 
basis of ,yf^. Since belongs to J?'^, its first component vanishes and the equation for the 
coefficient of z| in the first component of hn - call it u„ - is just 

Un+i = A„(l)A„(2)"^u„ - A„(2)"^a„ , 

where a„ is the coefficient of in the first component of /„. By the definition of /„, the sequence 
of complex numbers zi„ satisfies the recursive equation 

_ / Un + 1, if S2k <n < S2k+1 , 
1^ 8Un, if S2k+1 <n < S2k+2 ■ 

The solutions (u„) of the above equation are uniquely determined by the choice of the first 
element uq S C. We claim that for every choice of uq, the sequence (u„) is not subexponential. 
By the bound p.6p . we have 

\Un\<S'\\uo\ + l) . 

Therefore, by (|4?T]) . 

+ = \Us2k+S2k+l~S2k\ > S2k+l-S2k-\Us2j > S2fe+1 - S2fc - 8"^*^ ( |uo | + 1) = S2fc+1 ( 1 + o(l)) 

diverges. Thus, if k is large enough, we find by (|4.2p 

Therefore, the inequality \un\ > 8"+°^"^ holds on a subsequence, hence the sequence (u„) is not 
subexponential and neither is (/i^J. 

Remark 4.1. Since in this example is diagonal, it can be seen also as an upper triangular 
linear automorphisms, and one may hope to find a subexponential conjugacy with a sequence 
(gn) such that, denoting by S the involution (zi, 2:2) i—)- {z2, zi), S o g^ o S is a special triangular 
automorphism of . However, an argument similar to the one developed above shows that any 
conjugacy (hn) between (/„) and a (gn) of this form has a 2-homogeneous part which diverges 
exponentially. 

Remark 4.2. One could show that the basin of attraction of with respect to the above sequence 
ifn), that is the set 

{z e I /„ o • • • o /o(z) -^0 for 00} , 

is the whole C^. 



fnizi, Z2) := 
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5 The abstract basin of attraction 

Let 'S be the category whose objects are the sequences 

f = {fn-Un^ Un+l)neN 

of injective holomorphic maps between rf-dimensional complex manifolds and whose morphisms 
h: f ^ g are sequences of injective holomorphic maps 

h = {hr,: Un ^ Vn)nen , with C/„ = dom/„, K = domfif„ , 

such that for every n G N the diagram 

Un > Un+1 

hn hn+1 

Vn Vn+1 

commutes. In other words, is the category of functors Fun(N, where ^ is the category 
of d-dimensional complex manifolds and injective holomorphic maps. 

If / is an object of and n > m > 0, we denote by fn.m the composition 

fn,m ~ fn—1 O ' ' * O fm • ^ ? fn,n ~ '^^Un ) 

which satisfies, for any n > m > i > 0, 

fn,m ^ fm,^ ~ fn,^ * 

We denote by W the inductive limit functor 

Lim ^ . 

That is, Wf is the topological inductive limit of the sequence of maps (/„) with the induced 
holomorphic structure: Constructively, Wf is the quotient of the set 



6 C/"n TO e N , Zn+1 = fn{Zn) ^11 > m 



Z 

n>m 



by identifying z and z' if Zn = z'^ for n large enough. The holomorphic structure is induced by 
the open inclusions 

/oo,m: Ur,i ^ Wf , Z ^ [if„.miz))n>m] ■ 

With the above representation, if ft,: / — 5 is a morphism in 'if, Wh is the injective holomorphic 
map 

Wh{[{Zn)n>m]) = [{hn{Zn))n>m] ■ 

The following result, whose proof is immediate, turns our to be useful in order to identify Wf: 

Lemma 5.1. Let h: f ^ g be a morphism in ^. Then Wh: Wf Wg is surjective (hence a 
hiholomorphism) if and only if for every m € N and every z GVm there exists n > m such that 

gn,m{z) G hn{Un). 
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Let B = Bi he the open unit ball about in and consider a sequence of injective holo- 
morphic maps /„ : i? — > i? such that 

\fn{z)\ < X\z\ , VzeB,VneN, (5.1) 

for some A < 1. In this case, the manifold Wf may be considered as the abstract basin of 
attraction of with respect to the sequence / — (fn)- In fact, if in addiction the maps /„ are 
restrictions of global automorphisms g„ of C*, then goo,n- — > Wg are biholomorphisms and, 
in particular, Wg can be identified with C^; through this identification, the induced holomorphic 
inclusion Wf ^ Wg = is the inclusion in of the basin of attraction of with respect to 
g, which is the open set 

{z e I gn,o{z) -> for n -> oo} , 

and the maps /oo,n ■ B — > Wf coincide with 5tx),n|B- Notice also that an immediate application of 
Lemma ISTTI implies that if / satisfies (j5.1L then for every r < 1 the manifold Wf is biholomorphic 
to the abstract basin of attraction of the restriction 

fnls^-Br^Br, nSN. 

By a bounded sequence of holomorphic germs we mean a sequence of holomorphic maps 

hn-. Br^C^ , n G N , 

defined on the same ball of radius r about and such that h„ {Br) is uniformly bounded. Under 
boundedness assumptions, the abstract basin of attraction is invariant with respect to non- 
autonomous conjugacies, as shown by the following: 

Lemma 5.2. Let f — (/„: B B)neN and g = (g„ : B — > _B)„gN be objects in such that 

\fn{z)\ < X\z\ , |5„(z)| < A|z| , VzeB,VneN, 
for some A < 1. Assume that there exist r > and a bounded sequence of holomorphic germs 

hn : Br~^C^ , n e N , 
such that hniO) — 0, Dhn{0) = I, and 

K+i ° fn^ gn°h„ , Vn e N , (5.2) 
as germs at 0. Then W f is biholomorphic to Wg. 

Proof. Fix a positive number r' < r. Since the maps hn are uniformly bounded on B^, the 
Cauchy formula implies that the second differential of /i„ is uniformly bounded on Br' . Since 
Dhn{0) = /, we deduce that there is a positive number s < r' such that ||D/i„(z) — I\\ < 1/2 
for every z Bg and every n G N. In particular, Dhn{z) is invertible with uniformly bounded 
inverse for every z ^ Bg and every n G N. Up to the choice of a smaller s, we deduce that /i„ is a 
biholomorphism from Bs onto an open subset of B which contains the ball Bs' , for some s' > 
independent on n. By (15. 2[) . the restrictions 

hn\B,-B,^B, nGN, 

define a morphism h from the restriction 

{fn\B, '■ Bs — > Bs)neN 

to g. Since for every n, m G N with n — m large enough 

(B) C Ba— " C Bs' C hn{Bs) , 

Lemma [nU implies that Wh is a biholomorphism from the abstract basin of attraction of (/ri|s^) 
to that of g. Since the former manifold is biholomorphic to Wf, the conclusion follows. □ 
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6 Iteration of special triangular automorphism 

In this section we establish some facts about the composition of special triangular automorphisms. 
We start by recalling that a family of polynomial endomorphisms of C'' is said to be bounded if 
their degrees and their coefiicients are uniformly bounded. The proof of the following lemma is 
straightforward: 

Lemma 6.1. (i) If ^ is a bounded family of polynomial endomorphisms ofC^ such thatp{0) = 
and Dp{0) = for every p in , then the family 

{t-'^p{tz) \ p&^, \t\< 1} 

is also hounded. 

(ii) If ^ and ^ are bounded families of polynomial endomorphisms ofC^, then the family 

{poq\pG ^, qe ^} 

is also bounded. 
Let gn-.C^-^ be defined as 

9n{z) := LnZ + Pn{z) , (6.1) 

where: 

(a) is a sequence of lower triangular linear automorphisms of such that < 
(.\n-m £qj. gygj-y n > m > 0, where c > and < A < 1; 

(b) {Pn) is bounded as a sequence of polynomial maps of the form 

Pn{z\, . . . , Zd) = (0,p^(2;i),...,pf(2;i,...,2;d_i)) , 
such that p„(0) 0, Dp„(0) = 0. 

In particular, the degree of p„ is bounded, hence there exist positive integers fci = l,k2, . . . ,kd 
such that 

degp>,{z1\z^\...,zf_\')<kj , yj = 2,...,d. (6.2) 

The next lemma implies in particular that the composition gnfi has uniformly bounded degree, 

for every n G N. 

Lemma 6.2. Let fci, . . . , fc^ be positive integers. The family endomorphisms of of the form 

f{z) = Lz+p{z) 

with L varying in the set of lower triangular matrices and p varying among polynomial maps of 
the form 

p{z)={Q,P2{zi),...,Pd{zu...,Zd-i)), p(0) = 0, Dp{0) = Q. 

which satisfy 

degp,- [z'l^ , 4^ • • • , ) < fcj , Vj = 2, . . . , d, 
is closed under composition. 
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Proof. If f{z) — Lz + p{z) and g{z) ^ Mz + q(z) are two such maps, then the composition 

/ o g{z) ^LMz + Lq{z) + p{Mz + q{z)) 

is readily seen to be of the same form. □ 

We can use the above two lemmas to prove the following: 

Lemma 6.3. Let gn be a sequence of special triangular automorphisms of of the form iS.lp 
which satisfies (a) and (h). Then the family of polynomial maps X^^gn.o, n ^H, is hounded. 

Proof. We argue by induction on the dimension d. If d = 1, the composition f/„ o — Ln,o is 
linear and the conclusion follows from the estimate in the assumption (a). We assume that 
the conclusion holds when the dimension is less than d. By Lemma 16.11 (i) , the sequence of 
polynomial maps 

(A-2>„(A"z)) 

is bounded. Denote by q the i-th component of the map gn,o- By the inductive hypothesis, the 
sequence (A~"(7^ g), for 1 < i < d — 1, is bounded. Therefore, by Lemma I5TT] fii). the sequence 

A->„ o g„,o = A-2>„(A"(A-"gi^o), . . . , A"(A-"gto')) (6-3) 
is also bounded. Since 

gn+ifi = Lngnfl + Pn ° Qufi and 50, = id , 
by the general formula (|1.3p . we have 

n-1 

5n,0 = Lnfi + ^ LnJ + lPj O gj^Q , 
3=0 

which can also be written as 

n-1 
j=0 

The estimate of the assumption (a) and the fact that (|6.3I) is bounded imply that X'^gn.o is 
bounded. □ 

We conclude this section by deducing the following: 

Lemma 6.4. Let gn be a sequence of special triangular automorphisms of of the form i6.1\) 
which satisfies (a) and (h) and let k := maxjfci, . . . , where the numbers ki — 1, ^2, . . . , fed 
satisfy i6.2\) . Then there exists a number C such that 

|gn,o(^)| <CA"(|z| + |zh , VzeC^ 

for every n gN. In particular, the basin of attraction of Q of the sequence {gn) is the whole C^: 

{zeC^l gnAz) for n ^ oo} = . 

Proof. By Lemmas 16.21 and 16.31 (A~"5„^o) is a bounded sequence of polynomial maps of degree 
at most fc, mapping into 0. Since A < 1, the claim immediately follows. □ 
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7 Proofs of the main results 

We are now ready to prove the first main theorem stated in the Introduction: 

Theorem 7.1. Let B be the open unit ball of and let f ~ [Jn'- B — > _B)„£n be an element of 
such that for every n G N 

^^l^l < |/„(z)| < A|z| , VzgB, (7.1) 

with < v < X < 1. Assume that the linear automorphism L„ '■= -D/„(0) is lower triangular 
and satisfies the condition iS. 5\) of Theorem \3.1l Then the abstract basin of attraction W f is 
biholomorphic to C^. 

Proof. Notice that by (|7.ip . ||i„|| < A and < fJ. ■— l/i^, so the assumption p.3p of 

Theorem 13.11 holds, hence also p.4p does (with a suitable mo). Since the holomorphic maps 
/„ are all defined on the unit ball B, map into 0, and have uniformly bounded images, by 
considering their Taylor expansion at we may see (/„) as a bounded sequence in the space of 
formal series In particular, (/„) is a subexponential sequence such that /,j = L„ satisfies 
the assumptions of Theorem 13. 1[ which implies the existence of a subexponential sequence (gn) 
of special triangular automorphisms of of degree at most mo and a subexponential sequence 
(hn) in ^ such that g^ — L„, /i^ — /, and 

h„+i o /„ = g„ ohn , Vji 6 N . (7.2) 

By p.4p . we can find 1 < < 1/A such that 

6'™«A™«+V<1- (7.3) 

For every n G N, consider the map 

/„(^) :=r+V„(0-"z) , VzeB. 

The linear automorphisms 

Ln DU{0) = 0L„ 

satisfy the bounds 

l|i„||<A, ||£,-i||<A, (7.4) 

where 

A:=6'A<1, fi:=9-^n. 
By (|7.ip , the Cauchy formula implies that Dfn is uniformly bounded on Bi/2- Therefore 

i?/„(z) = eDf,,{e-^z) 

is uniformly bounded on i?i/2, hence (/„) is a bounded sequence of germs. Fix a number A such 
that A < A < 1. Together with the first of the bounds in (|7.4p . a further use of the Cauchy 
formula implies that there exists < r < 1 such that for every n G N 

|/„(z)| < A|z| , VzeS, . (7.5) 

In particular, 

/ (/ri|s,. : Br Br)neN 
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can be seen as an object of The maps 

(Pn-- Br B , ip„{z) := 6~" z , 

define a morphism (p: f f, which induces a holomorphic injection W(p: Wf Wf. By (|7.ip 
and since A < 0~'^, for every m €N there is a natural number 71 > to so large that 

fn.m{B) C Sa"-'" C -B,-0-n = hn{Br) . 

Hence, Lemma 1 5. II implies that Wtp is a biholomorphism. Therefore, it is enough to show that 
Wf is biholomorphic to C*. 

The same rescaling used above defines the polynomial maps of degree at most toq 

5„(z) :=r+ig„(0-"z) , 

which satisfy 

5„(0) = , D~gniO) - L„ . 
If 2 < fc < Too, the homogeneous part of degree k of gn is 

~k _ n{l-k)n+l k 

so the fact that (g^) is subexponential and 9 > \ imply that the sequence of polynomials 

is bounded. Up to the choice of a smaller r > 0, by the first boimd in (|7.4p and the Cauchy 

formula, we may assume that 

|5„(z)| < A|z| , VzeS, . (7.6) 
Similarly, the sequence (/i„) C of formal series defined by 

is bounded in ^ . By (|7.2p and by the definition of /„, g„ and 

hn+l ° fn^ g-n ° K , Vn G N , (7.7) 

as formal series, so in particular as TOp-jets. Since by (I7.3p 

by the bounds (|7.4p Theorem lA.ll implies that (j7.7|) is satisfied as an identity of germs by a 
bounded sequence of germs (ft-„). By (|7.5p . (|7.6p and (|7.7p . Lemma [??^ implies that M^/ is 
biholomorphic to Wg. Since 

Wg^ {z eC^ \ gnfi{z) for n ^ oo] = , 

by Lemma WM we conclude that VF/ is biholomorphic to and hence so is W f . □ 

Remark 7.2. Instead than applying Theorem \A.1[ which establishes the existence of a hounded 
non- autonomous conjugacy of arbitrary sequences of germs starting from a conjugacy between 
their jets, one could use the fact that in the above case one of the two germs consists of special 
triangular automorphisms. In such a case, the convergent conjugacy is easier to obtain, by an 
argument due to J. -P. Rosay and W. Rudin \RR88}j . and used also in the already mentioned 
UVO^ and fP^m^ . 
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Finally, let us use the above theorem to deduce the second main theorem stated in the 
Introduction: 

Corollary 7.3. Let f:M-^ M be a holomorphic automorphism of a complex manifold and 
let A be a compact hyperbolic invariant set with d-dimensional stable distribution . Let x G A 
and assume that the stable space at x has a splitting 

r 
i=l 

such that 

lim \Df"'{x) u\^^"' = Xi uniformly for u in the unit sphere of Ei , 

n— >-oo 

where the numbers < < 1 are pairwise distinct. Then the stable manifold of x is biholomor- 
phic to C''. 

Proof. Set Xn = f^{x). By the local stable manifold theorem and up to the replacement of / 
with a sufficiently high iterate (an operation which does not change the stable manifold), we can 
find holomorphic embeddings 

ipn- B^W\x,,) 

with domain the unit ball about in C^, mapping into x„, and such that the identities 

f °fn ^ <y3n+l O /ri 

define holomorphic maps fn'-B^B such that 

M<\fn{z)\<\\z\, VzeS, VnGN, (7.8) 

for some 0<i^<A<l. A biholomorphism from the stable manifold W^{x) onto the abstract 
basin of attraction of with respect to the sequence (/„) is given by mapping each z S W^{x) 
into the equivalence class of the sequence (/"■(z))„>m, where m is so large that f"^{z) belongs 
to the image of Lpm- Therefore, it is enough to show that this abstract basin of attraction is 
biholomorphic to C^. 

Since the angles between the images of the subspaces Ei by the isomorphism Df^{xo) remain 
bounded away from zero (see |Mafi831 Section IV. 11]), by using a suitable linear non-autonomous 
conjugacy we may also assume that the automorphisms 

Ln = Df„{0) 

are lower triangular and preserve the orthogonal splitting of 

r 

C = X, , X, = Span {cj I k,-i <j< h] , 

for some = fco < fci < • • • < fc^ = rf, and 

lim \Lnfiu\^^^^ — Ai uniformly for u in the unit sphere of Xi , (7-9) 

where 

Ai > A2 > • • • > Ar . 
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Denote by A„(j), 1 < j < d, the diagonal entries of L„. Fix an index j such that /ci_i < j < ki. 
Since A„^o(j) is an eigenvalue of Ln,o with eigenvector u„ in the unit sphere of Xi, by (|7.9p we 
have 

lim |A„,o(i)r/" - lini |i„.ou„r/" = A, . 
If we set Xj = Xi for < j < ki, we have that 

Ai > A2 > • • • > Arf , 
and for every w > 1 there exists c(uj) > such that 

c(u;)-1c^-"A;' < |A„,o(j)| < c(a.)c^"A;' . 
The above two inequalities imply that, ii I < i < j < d and n, £ e N, then 

\>^n+e.n{j)\ _ |An+£,o(j)| |An,o(i)| c(^)^a;^"+^ AJ+^ Af / A A 4 4„^2£ 

\Xn+Ln{^)\ |A„,oO)||A„+f,oW| - c(w)-2^-2n-fA5'A^+^ ^' \ xJ ' ^ ' 

Moreover, by (TTS)) . |A„(ft,)| < A for every n eN, thus 

max \Xn+Uh)\ max {^^^±^41 ^ c(^)4^4„(^2^)£^ 

l<h<d' ■ l<i<j<d \Xn+e,nW\ 

This inequality shows that the assumption p.Sp of Theorem 13.11 holds (with a slightly larger 
A), hence Theorem 17.11 implies that the abstract basin of attraction of with respect to (/„) is 
biholomorphic to C*. □ 



A A non- autonomous conjugacy theorem 

The aim of this appendix is to prove the non-autonomous version of the well-known fact that two 
contracting germs of holomorphic maps which are conjugated as jets of a sufficiently high degree 
are actually conjugated as germs. Our proof follows the approach of Sternberg |Ste57| . but we 
replace the delicate estimates which are necessary to apply the Banach contraction principle by 
an easier computation of the spectral radius of the linearized operator, which allows us to apply 
the implicit function theorem. See jBDMOSj for a different approach. 
The space is endowed with the norm 

\z\ := max , Vz = (zi, . . . , G , 

whose ball of radius r about 0, that we denote by Br, is an open poly disk. If L is a linear 
endomorphism of C*, ||L|| indicates its operator norm induced by | • |. If (/„) is a sequence of 
composable maps we set, for n > m > 0, 

fn,m ■= fn-1 ° fn-2 O ■ ■ ■ O fm , fn,n = I , 

SO that 

fn.m O fnij = fn/ , Vn > m > ^ > . 

Denote by the space of germs at G C'' of holomorphic C^-valued maps which fix 0. A 
sequence (/„) C is said to be bounded if there exists r > such that Br is contained in the 
domain of each /„ and is uniformly bounded. 
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Theorem A.l. Let (/„) and (g-n) be two bounded sequences in'i^, whose linear parts coincide, 

Ln DUO) = DgniO) , 

and satisfy 

\\Ln,n.\\ < cA"-" , ||L-iJ| < cm"-" , Vn > m e N , (A.l) 
for some c > and < X < 1 < fi. Let k be a positive integer such that 

A^+V < 1 • 

Assume that the k-jets of (/„) and (gn) are boundedly conjugated, meaning that there exists a 
bounded sequence of polynomial maps Hn '■ C'^ — > C'', n G N, of degree at most k, such that 

Hn+l O fn = gn ° Hn aS k-jcts, V?! G N . (A. 2) 

Then (fn) and (gn) are boundedly conjugated as germs: There exists a bounded sequence (hn) C 
such that the k-jet of hn is Hn and 

hn+i ° fn^ gn°hn , Vn G N , (A. 3) 

as germs. 

As already noticed (see Remark [23]) , the assumption (jA.l|) does not depend on the choice of 
the norm of inducing the operator norm, up to the choice of a different constant c. Moreover, 
we may replace this assumption by the stronger requirement 

||L„||<A<1, ||L-i||</i, V?iGN. (A.4) 

Indeed, let A and p, be such that X<X<1, p,>fj. and A'^+^/t < 1. Then (jA.ip implies that we 
can find a natural number N such that 

\\Ln+N,n\\ < cA"^ < A^ , WLnl^J < C/l"^ < , Vn G N . 

If we set Ln := L(^n+i)N,nNi A := A^ < 1, fi :— fi^ , we see that the sequence (L„) fulfills the 
condition (|A.4p with constants A and fi which satisfy 

A^-+i/l = [X'^+^fif < 1 . 

If we set 

fn ■— f{n+l)N,nN i 9n ■— g{n+l)N,nN j 

and we define Hn to be the fc-jet of the composition H(^n+i)N,nN^ we get that {fn), (gn) and 
(Hn) satisfy the assumptions of the theorem, with (lA.ll) replaced by the stronger (jA.4|) . Finally, 
if (hn) is a bounded conjugacy between (/„) and (g„) with sequence of fc-jets (Hn), then the 
unique sequence (/i„) C ?f such that hnN = hn for every n G N and such that (|A.3p holds, is 
bounded and has {Hn) as its sequence of fc-jets. This shows that we may assume (|A.4p instead 
of (IXDl . 

Denote by || • ||oo,r the supremum norm on the polydisk Br- Consider the space 

Xk :— {u : Bi ^ \ u holomorphic and bounded with vanishing fc-jet at O} . 
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By the Cauchy formula, || • ||oo.i is a Banach norm on Xk. Moreover, using the Taylor formula 
with integral remainder and again the Cauchy formula, we find that for every u G Xk and every 
r < 1 there holds 

lkl|oo,.< ^^^P'+^^i||oo,.<C(^^j ll^^lloo.!, (A.5) 

where C — C{d, k) depends only on the dimension d and on the degree k. 

Let i°°{Xk) be the Banach space of sequences u = (m„) C Xk with finite supremum norm 

:= sup ||u„||oo,i < +00, 

and denote by U its unit open ball. If / : — ?► is a holomorphic map such that /(O) = 0, we 
consider the rescaled functions 

[ Df{0)z if r = . 

In order to prove Theorem lA.li it is enough to find a sequence u & U such that for r > small 
enough there holds 

(ii;+i+u„+i)o/;-.9;o(i/; + u„)^0, VneN. (A.6) 

In fact, in such a case the sequence of holomorphic functions 

h„ : Br C*, hn{z) := i/„(z) + ru„(z/r) , 

is bounded, has ff„ as its fc-jet and satisfies (|A.3p . 

By (jA.2[) . the fc-th jet of the left-hand side of (jA.6|) vanishes. Moreover, the fact that the 
sequences (/„) and (i?n) are bounded and ||D/„(0)|| < A < 1 impy that there exists rg > such 
that for every r £]0,ro[ and every w G [/, there holds 

fn{Bl) = ^fn{Br) C S|| £, || ^ C Bi , 
(ij; +U„)(^l) C ii/„(B,) C B\\DH„\U,^ + 1 C Byr . 

The above considerations imply that the map 

$: [0,ro[xU ^£^{Xk) , ^(r,^ + u„+i) o /; - g^i?; + j.„) , 

is well-defined. Notice that for r = the map $ is linear in u, 

$(0,m) = (u„+i o L„ - L„ o u„)^^j^ . (A. 7) 

Our aim is to show that if r > is small enough, then there exists u € U such that $(r, u) — 0. 
Since $(0,0) = 0, this fact is an immediate consequence of the parametric inverse mapping 
theorem, because of the following two Lemmas. 

Lemma A. 2. The map $ is continuous, is differentiable with respect to the second variable, and 
is continuous. 
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Proof. We shall repeatedly make use of the following consequence of Taylor's and Cauchy's 
formulas: If F C is a bounded set of germs whose /i-jets vanish, then 

\\D^r\\oo,s = 0{r''-^) for r ^ , uniformly in / e , (A.8) 

for every j £ N and s > 0. By (|A.2p . 

£n ■= Hn+1 O /„ — g„ O Hn 

is a bounded sequence of germs with vanishing fc-jet. Write 

where (/„) and (gn) are bounded sequences in with vanishing 1-jet. If w G C/ and < r < tq, 
a simple computation yields 

[$(r, u) - $(0, u)] ^ = + .g> H;^ - g^^ o {H^^ + u„) + u„+i o - u„+i o L„. (A.9) 

Since the A:-jet of in is zero and k > 1, (jA.Sp implies that 

Kllooa = 0(l). (A.IO) 

Here and in the following lines, limits are for r — )■ and are uniform in n G N. Moreover 
Hn{0) = 0, so by ^EM 

\\K\Ui^o{i). 

Then, since the 1-jet of gn vanishes, a further use of (jA.Sp implies that 

\\g:oH:\U, = 0{r) . (A.U) 

Similarly, 

||5Xi/;+^^„)L i=0(r) . (A.12) 

Again by (jA.Sp . 

||/;-L„||oo,i = 0(r), 



so, by the mean value theorem and (|A.4I) . 

WUn+l ° fn- Un+l ° -^n||oo,l = || ^'^n+l 1 1 ooa+0(r) 0(r) . 

Since A < 1, the Cauchy formula implies that \\Dun+i\\oo,\+oir) is bounded by ||wn+i||oo,i for r 
small enough, so we have 

ll"n+l ° fn- ° -^nHoo,! = \\Un+l\\oo .lO{r) . (A. 13) 

Formula (|A.9p and the asymptotics (jA.lOp . (jA.lip . (|A.12p . (|A.13p imply that for every u€U 

$(r,u) - $(0,u) = 0{r) . 

Together with the fact that the map $ is clearly continuous on ]0,ro[xU, this proves that $ is 
continuous on [0,ro[xJ7. 

The map u i— ^ <I>(r, u) is linear for r = 0; for r > its differential is given by 

[D2<i>{r,u)[v]]^ = vn+i o f: - Dg^jH:, + u„)K] . 
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Then if < r < tq, 

[D2Hr,u)[v] - i?2$(0,M)M]„ = O - Vn+l O i„ - + Un)[Vn] " ivn«„ • (A.14) 

By (1233, 

||w„+l O - O in||oo4 = ||l'ri+l||oo,lO(r) . (A.15) 

Moreover, the identity 
impUes that 

\\Dgl^{H:,+u.^)-L4^^^=o{l) , 

hence 

WOg'^lHl^ + Un)[Vn] - inW«||oo,l = || || oo,lo(l) • (A.16) 

By (TOl)) . (1X151) and (IXTHI) . 

||i?2$(r,w) -D2$(0,u)|| =o(l) , 

and together with the fact that the map (r, u) M- D2^{r,u) is easily seen to be continuous on 
]0,ro[xU, we conclude that this map is continuous on [0,ro[xU. □ 

Lemma A. 3. The linear operator £)2<&(0,0): £°°{Xk) — > £°°{Xk) is an isomorphism. 

Proof. By (jA.7|) . we have 

D2^{0, 0)[u] = (u„+i O Ln - Ln O Mri)„gN ' 

The multiplication operator by the sequence (Ln), that is 

is an automorphism of so it is enough to show that the operator 

(u„) (i^^ o w„_|_i o L„ - w„) (A. 17) 

is invertible on £°°{Xk). Consider the bounded linear operator 

T: £^{Xk) ^ £^{Xk), K) {L-^ o un+i o L„) . 
If j is a positive integer, the j-th power of T is 

By (IA.4[) and (jA.5|) . we have the estimate 

Ln+j.n I|oo,l 

< A^^ II"n+,||oo,A. < C^X^ (t^) ll"n+.-|U,l < ^(1 - A-'")-'"' (A'+ hlU^l^O ■ 

By taking the supremum over all rt G N and all u E £^{Xk), we deduce that the operator norm 
of has the upper bound 

||T^||i/j < (71/^(1 - AJ')-('=+i)/^A'=+V ■ 
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Since A < 1, the right-hand side of the above inequahty converges to A'^'+^/i for j — > +00, so the 
spectral radius of T has the upper bound 

p{T) < A'^+V . 

Since A'^+^/i < 1, we deduce in particular that 1 does not belong to the spectrum of T, so the 
operator (jA.17p is an isomorphism, as we wished to prove. □ 

Remark A. 4. We recall that any polynomial map p: ^ of degree at most k with Dp{0) 
invertible is the k-jet at of a holomorphic automorphism of (as proven by F. Forstneric 
\For99f and B. Weickert \Wei9 7]). This fact and Theorem \A.1\ immediately imply that the 
abstract basin of attraction (see Section\^ of with respect to a sequence of holomorphic maps 
fn : -Bi — > i?i such that 

v\z\ < \fniz)\ < X\z\ , VzeBi,VneN, 

where 0<i'<X<l is always biholomorphic to a domain of C^, a result of J.E. Fornaess and 
B. Stens0nes, see JFSO^. Indeed, the above assumption implies that 

/„(0)=0, p/„(0)||<A, \\Dfr,{0)-'\\<,^-\ 

and if gn is an automorphism of whose k-jet at coincides with that of fn, with k so large 
that X'^^^i'^^ < 1, Theorem \A.1\ and Lemma \5. 2\ imply that the abstract basins of attraction of 
with respect to (fn) and to are biholomorphic. But, since each gn is an automorphism 

ofC^, the abstract basin of attraction of with respect to (gn) is naturally biholomorphic to the 
following domain in 

{z eC^ \ gn,o{z) for n ^ 00} , 

as shown in Section\B[ In particular, the stable manifold of any point in a compact hyperbolic 
invariant set of a holomorphic automorphism of a complex manifold is always biholomorphic to 
a domain in C^. 
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